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Abstract
This contribution reviews the present status on the available constraints to the nuclear equation
of state (EoS) around saturation density from nuclear structure calculations on ground and collective
excited state properties of atomic nuclei. It concentrates on predictions based on self-consistent
mean-field calculations, which can be considered as an approximate realization of an exact energy
density functional (EDF). EDFs are derived from effective interactions commonly fitted to nuclear
masses, charge radii and, in many cases, also to pseudo-data such as nuclear matter properties.
Although in a model dependent way, EDFs constitute nowadays a unique tool to reliably and
consistently access bulk ground state and collective excited state properties of atomic nuclei along
the nuclear chart as well as the EoS. For comparison, some emphasis is also given to the results
obtained with the so called ab initio approaches that aim at describing the nuclear EoS based on
interactions fitted to few-body data only. Bridging the existent gap between these two frameworks
will be essential since it may allow to improve our understanding on the diverse phenomenology
observed in nuclei. Examples on observations from astrophysical objects and processes sensitive to
the nuclear EoS are also briefly discussed. As the main conclusion, the isospin dependence of the
nuclear EoS around saturation density and, to a lesser extent, the nuclear matter incompressibility
remain to be accurately determined. Experimental and theoretical efforts in finding and measuring
observables specially sensitive to the EoS properties are of paramount importance, not only for
low-energy nuclear physics but also for nuclear astrophysics applications.
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1 Introduction
The nuclear Equation of State (EoS) describes the energy per nucleon as a function of the neutron
(ρn) and proton (ρp) densities of an uniform and infinite system at zero temperature that interact only
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via the residual strong interaction, or nuclear force [1, 2, 3]. Being the nuclear force of short-range (of
the order of the fm), the energy per nucleon (of the order of the MeV) at a given nucleon density is
finite and constant for a wide range of temperatures (1 MeV∼ 1010 K). The EoS of an ideal system
is, therefore, realized within a good approximation in the interior of nuclei –due to the short-range
of the interaction as compared to the dimensions of most of the known nuclei– and in the interior of
cold neutron stars –due to the strong gravitational field able to host very high densities in its interior.
The EoS has also been studied at non-zero temperatures relevant for the studies of some astrophysical
processes [2, 3]. In this review, we focus on laboratory data on some ground and collective excited state
properties in nuclei that allow to probe the EoS at zero temperature and around nuclear saturation
density (ρ0 ≈ 0.16 fm−3). The Coulomb interaction should be neglected for the study of the nuclear EoS.
Being the Coulomb interaction of long-range, the energy per nucleon will diverge (ECoul. ∼ e2Z2/r).
Therefore, when studying finite systems, the Coulomb interaction should be accounted for and its
effects subtracted before comparison with the EoS. In general, the separation between bulk and surface
properties of nuclei is model dependent and, thus, to establish the relation between the properties of
finite nuclei and the EoS will suffer from model intrinsic uncertainties difficult to evaluate.
Over the past years, different approaches to the nuclear EoS have been introduced. Simple macro-
scopic models allow one to assess some of the main properties such as the energy and density of symmet-
ric nuclear matter at saturation, i.e., the EoS for the case ρn = ρp. Another relevant property is nuclear
matter incompressibility, that is proportional to the curvature of the symmetric nuclear matter EoS.
The knowledge on the EoS is insufficient for a quantitative description of finite nuclei. From a micro-
scopic perspective, the most successful methodology for an effective description of the bulk properties
in nuclei along the periodic table corresponds to the self-consistent mean field approach. The respective
models can be understood as an approximate realization of a nuclear energy density functional (EDF).
The Density Functional Theory is a powerful and general approach already successfully implemented in
physics, chemistry and material science [4]. The EDFs contain a relatively small number of parameters,
of the order of ten, commonly adjusted to nuclear masses and charge radii. Within the EDF framework
one can evaluate the EoS, and comparison of different models provides some insight into the model
dependence of the EoS. By employing the experimental data on finite nuclei, constraints on the EoS
are possible at and around the saturation density. EDFs, however, are not suitable for the study of
single-particle dynamics in nuclei. Proof of that is the experimental evidence on the fragmentation of
single-particle states or on the finite width (several MeV) in nuclear giant resonances. Therefore, one
should calibrate these models to the proper observables before the nuclear EoS is analyzed in detail.
A different microscopic perspective, based on ab initio models with realistic nucleon-nucleon (NN)
interaction in the vacuum, represents a more fundamental approach to the nuclear EoS. There exist
different types of NN potentials typically fitted to available nucleon-nucleon scattering data in the
vacuum and few-body nuclear data. From these potentials, approximate many-body methods have
been applied to study not only the EoS but also some properties in light and light-medium mass finite
systems [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. It has been shown that in addition to the NN interaction
also three-body interaction is necessary for a reasonable description of the nuclear saturation point of
the symmetric matter EoS, one of the basic properties needed to reproduce the experimental mass and
size of finite nuclei. However, within the ab initio approaches medium effects are not well understood
yet (see Fig.12 in Sec.4).
Hence, nuclear EDFs constitute nowadays a unique tool to reliably and consistently access bulk
ground state and collective excited state properties of atomic nuclei along the nuclear chart as well as
the EoS around saturation density. Accordingly, we present in this review the status on the available
constraints to the nuclear EoS around saturation density from nuclear structure calculations based on
EDFs.
The review is organized as follows. In Sec.2, some basic phenomenology is presented and briefly
discussed. The aim of this section is to provide a qualitative description of the nucleus, crucial for a
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Figure 1: Left panel: experimental charge density (ρch) as a function of the distance to the center of
the nucleus (r, assuming spherical symmetry) derived from available data on elastic electron scattering
for 16O, 90Zr and 208Pb [16]. Right panel: Chart of nuclides classified by half-life. Data taken from
NUBASE16 [17].
reasonable understanding of the main properties of the nuclear EoS around the saturation density. In
Sec.3, the basic methods employed to derive the EDFs of current use is given. This section is important
to explain in some detail how this type of models access information on ground state and collective
excited states in finite nuclei. The expressions for the nuclear EoS derived from EDFs is also given.
Some basic ideas and examples on the relevance of assessing theoretical errors is discussed. In Sec.4, a
summary on the main constraints to the EoS is given. This serves as an introduction to the more detailed
discussions in the following sections. Purely theoretical predictions on the EoS are also briefly discussed.
The latter is important for a better understanding of the current situation from other approaches and,
thus, of the limitations that the community is facing in the study of the nuclear EoS. In Secs.5 and 6,
constraints on the EoS from masses and nuclear radii as well as collective excitations derived from the
EDFs are presented. In some cases, for the sake of comparison, results from macroscopic-microscopic
models and ab initio approaches are also provided. Finally, our conclusions lay in Sec.7 together with a
table summarizing the constraints on the parameters of the nuclear EoS around the saturation density
discussed along this review.
2 Phenomenology
In this section we will first briefly describe the phenomenology that allows for an overall understanding
of the basic properties of the atomic nucleus and of the nuclear equation of state around the equilibrium
densities present in the interior of stable nuclei –the so called saturation density ρ0 = 0.16 fm−3. We
will then highlight different macroscopic models that have been used to get some deeper insights into
the EoS by connecting properties of finite nuclei with parameters easily related to the EoS.
2.1 Ground state
In the left panel of Fig.1, ground state experimental charge density (ρch) as a function of the distance
to the center of the nucleus (r, assuming spherical symmetry) derived from available data on elastic
electron scattering for 16O, 90Zr and 208Pb is presented [16]. Within the plane wave Born approximation,
the form factor derived from these experiments is the Fourier transform of the charge density. From
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Figure 2: Left panel: root mean square charge radii of all measured nuclei as a function of the mass
number A reported in Ref.[18]. Right panel: binding energy per particle of all measured nuclei by 2016
that where compiled in AME16 [21]. The inset shows the relative difference between the liquid drop
model described in the text and the experimental data in %.
this figure, it is interesting to note that the density in the interior of very different nuclei, is almost the
same and, in good approximation, constant at around ρ0p = 0.07 fm−3. This means that there exists
a saturation mechanism (equilibrium) that originates from the short-range nature of the nuclear force
–much stronger than the Coulomb repulsion at the nuclear scale–, typically shorter than the size of
most of the known nuclei. If this is true, the electromagnetic size of a nucleus should grow following a
simple empirical law. Actually, considering nucleons as structureless –only protons (Z) would interact
electromagnetically– and distributed as a sharp sphere with constant density ρ0p = 3Z/4piR3p of radius
Rp and, thus, a root mean square (rms) radius 〈r2p〉1/2 =
√
3/5Rp, one finds that 〈r2p〉1/2 ≈ 1.2Z1/3.
So far we have neglected neutrons (N). Knowing experimentally that stable nuclei are not far to be
symmetric in the number of neutrons and protons (cf. right panel of Fig.1 and Eq.(2)), assuming the
nuclear force is isospin invariant1 and much stronger than the Coulomb force, one should find –in first
approximation– that the ρ0p
Z
≈ ρ0n
N
→ ρ0p ≈ ρ0n and 〈r2p〉1/2 ≈ 〈r2n〉1/2. Therefore, the neutron and
proton rms radii in stable nuclei are equal 〈r2〉1/2 ≈ 0.9A1/3. All this can be easily tested from the
hundreds of rms charge radii measured and compiled in Ref.[18]. By performing a global least squares
fit to this data as a function of Z1/3 one finds 1.249(5)Z1/3 and by doing the same but using instead A1/3
one obtains 0.935(4)A1/3 which is in almost perfect agreement with the very simple picture discussed
here and that it is very well known in the literature since many decades [19, 20]. In the left panel of
Fig.2, the aforementioned data together with the latter fit is shown. Note that the functional form A1/3
is too simple to accommodate a good description for light and heavy nuclei at the same time.
The saturation mechanism inferred from the experimental data in elastic electron scattering allows
to understand also nuclear masses. Historically, the most famous macroscopic model is based on the
fact that the hard-sphere picture is a good first approximation R ∼ A1/3. This model known as the
liquid drop model [22] parameterizes, in its simpler version (neglecting pairing effects among others),
1The nucleus can be thought to be composed of nucleons with two possible isospin states, the neutron and the proton.
Isospin invariance of the nuclear force is considered to be a good approximation and, thus, isospin a conserved quantum
number as long as the Coulomb interaction is neglected in the description of nuclei.
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the nuclear mass as M(A,Z) = mpZ +mn(A− Z)−B(A,Z), where B(A,Z) is the binding energy
B(A,Z) = (aV − aSA−1/3)A− aCZ(Z − 1)
A1/3
− (aA − aASA−1/3)(A− 2Z)
2
A
. (1)
The term in aV is called the volume term and should grow with R3. The correction of this term (aS)
due to the presence of a surface should be of opposite sign and proportional to R2. The correction aC
due to the Coulomb repulsion between protons, should be also of opposite sign and follows the form∫
ρpZ/rdV ∼ Z2/R. The so called asymmetry term aA should be taken into account due to the fact
that neutrons and protons are distinguishable fermions that will occupy their own energy states in the
nucleus without mixing. This introduces an extra term aA that should increase the mass of the nucleus
with growing asymmetry N − Z with respect to the symmetric configuration. This term, must be
symmetric in the asymmetry N − Z due to the isospin invariance of the nuclear force. Hence one can
adopt the absolute value of N−Z or, from the most used definition, just the square divided by the total
number of nucleons. The latter form can be derived by assuming a two component (N,Z) free Fermi
liquid2 since its Fermi energy differs –in first approximation– with a single component Fermi liquid with
A particles by a term that goes with (N −Z)2/A. Finally aAS correspond to a surface correction to the
asymmetry term. The expression (1) could be further extended by adding other terms such as a term
that takes into account pairing, curvature (A1/3), etc.
In the right panel of Fig.2 the binding energy per particle is shown for all measured nuclei by 2016
that where compiled in Ref.[21]. Apart from the lightest nuclei, the binding energy can be considered
as constant E/A(A > 20) ∼ 8 MeV for most of the measured nuclei. The decrease of the binding energy
for heavy nuclei is mostly due to the Coulomb interaction between protons that grows with Z2/A1/3
and contributes to unbind the system. The main features of this data are easily described on average
by the liquid drop model. The inset of the same figure shows the relative difference (in %) of the model
described in Eq.(1) with respect to the experimental data. The fitted parameters are aV = 15.6(4)
MeV, aS = 18(1) MeV, aC = 0.70(2) MeV aA = 28(3) MeV and aAS = 26(12) MeV. As it can be seen,
the accuracy is remarkable for most of the measured nuclei, around or better than a 1% (rms deviation
is less than 3 MeV). It is however clear from the arch-like structure of these residuals that the liquid
drop model lacks some physics. Essentially, the model is missing deformation effects, pairing effects
and those that produce the arch-like structure: shell effects due to the quantum nature of the atomic
nucleus.
A nice feature of the liquid drop model is that it also reproduces very well the valley of stability
(black color in Fig.1). This can be easily seen by imposing stability of M(A,Z) with respect to Z, for
example. The result is
Z
A
≈ 1
2
1
1 + aC
4(aA−aASA−1/3)A
2/3
, (2)
where we have considered that the neutron and proton masses are equal. The results of Eq.(2) are also
plotted in Fig.1 showing a nice overall agreement with experimental data. It is clear from this simple
formula, that stability can be roughly understood as a competition between the Coulomb interaction
that pushes the system to be as neutron-rich as possible and the asymmetry term that pushes the
system to a symmetric configuration between neutrons and protons.
Coming back to the size of the neutron and proton distributions in the atomic nucleus, in Ref.[23]
(and references therein) a refined liquid drop model has been introduced with a diffuse surface rather
than a sharp surface as assumed in the liquid drop model. This model is known as the droplet model
(DM) and it is interesting to briefly present here the prediction for the so called neutron skin thickness
2The accuracy of this approximation in nuclei relies on the fact that the many-body nuclear problem can be approxi-
mately solved by assuming an equivalent system of non-interacting fermions subject to an average potential that makes
the nucleus bound, or analogously, by assuming a non-interacting system of particles with an effective mass
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(∆rnp ≡ 〈r2n〉1/2 − 〈r2p〉1/2), that is the difference between the neutron and proton rms radii. We
have roughly analyzed the trends of the electric charge radius based on very simple considerations.
Essentially, the measurements of the rms charge radii are model independent and very precise. They
give information on the proton rms radii while the neutron rms radii remain very elusive to be directly
measured in a very precise and accurate way. The reason is twofold. On the one side, neutrons can
be probed by the nuclear force such as for example in proton elastic scattering (see [24]) as well as
in experiments using antiprotonic atoms –analyses of anti-proton annihilation residues and of strong-
interaction effects on antiprotonic X-rays [25, 26]– among others that we will discuss in Sec.5. The
problem is that the different analyses are model dependent and subject in most of the cases to large
systematic errors. On the other side, neutrons can also be probed via the weak interaction. The
problem, in that case, is related to the technical difficulties on performing these experiments [27]. For
these reasons it is very important that one has a guidance from a simple model in order to gain deeper
insights into the formation of the difference between the neutron and proton rms radii.
The neutron skin thickness in the DM can be written as follows
∆rDMnp =
2〈r2〉1/2
3
aAS
aA
(I − IC) + ∆rCnp , (3)
where I ≡ (N − Z)/A is the relative neutron excess; 〈r2〉1/2 = 0.9A1/3 as determined above; IC ≈√
3
5
e2Z
20aA〈r2〉1/2 is a Coulomb correction to I; and ∆r
C
np ≈ −
√
3
5
e2Z
70aA
is a shift in the neutron skin due
to the Coulomb interaction. For the sake of simplicity, in Eq.(3), the asymmetry term of the DM has
been approximated by aA − aASA−1/3 and the bulk asymmetry term by aA. It has also been assumed
that the surface diffuseness of neutrons and protons are equal or close to be equal –this approximation
is reasonable for stable nuclei. From this expression, one can learn that (macroscopically) the neutron
skin thickness depends on the ratio between the parameters of the surface asymmetry and volume
asymmetry terms aAS/aA: the larger aAS/aA, the larger the neutron skin thickness. Coulomb effects
are non negligible but, within the DM, the larger uncertainty comes from the asymmetry terms. Noting
that aA was much better determined by the fit to masses than aAS, one can fix aA = 28(3) MeV and
fit the latter expression to experimental neutron skins. In Fig.3 we show the neutron skins of different
stable nuclei determined in antiprotonic atoms experiments [25, 26]. The data is subject to large error
bars but allow us to test the presented variant of the DM. The results of the fit agree qualitatively well
with the experimental data, although aAS ≈ 9(4) MeV is on the lower edge of the error in the same
parameter when determined from measurements on nuclear masses. This simple exercise confirm that
measured nuclear masses do not tightly constrain the surface asymmetry term and that more precise
and/or systematic measurements of the neutron skin thickness are needed in order to better understand
the surface properties of the asymmetry term 3.
Up to now, it has been shown that measured nuclei in their ground state show a bulk or interior
constant density of around ρ0 = ρ0p + ρ0n ≈ 0.15 − 0.16 fm−3 (saturation density), a bulk binding
energy per nucleon of about aV ≈ 15 − 16 MeV, a bulk asymmetry energy of 25 − 31 MeV, and a
surface asymmetry energy that is not well constrained by the explored data. This correspond to most
of the information we know about the nuclear equation of state of symmetric matter (ρn = ρp) at
saturation density from this simple perspective. Actually, it is customary and useful to generally define
some parameters that characterize the nuclear EoS. This allows to provide estimates from different
approaches and easily compare them. Since nuclear experiments probe the properties of atomic nuclei
at or around the saturation density, it is customary to expand the binding energy per particle around
saturation density. In addition, isospin asymmetries δ ≡ ρn−ρp
ρn+ρp
are relatively small and, thus, an
3Note that the DM is able to be compatible with experimental data even though different approximations have been
done and shell effects, pairing, deformation, etc. are completely neglected.
7
40 C
a
54 F
e
56 F
e 57
Fe 112
Sn
64 N
i 1
22 T
e
12
0 Sn9
6 Zr
12
6 Te
12
4 Sn
20
9 Bi
23
2 Th
58 N
i
60 N
i
59 C
o
10
6 Cd
90 Z
r
11
6 Sn
12
4 Te
48 C
a11
6 Cd
12
8 Te130
Te208
Pb
23
8 U
0 0.05 0.1 0.15 0.2
(N-Z)/A
-0.2
-0.1
0
0.1
0.2
0.3
0.4
∆r
n
p 
[fm
]
DM
Exp.
Figure 3: Neutron skin thickness as a function of the neutron excess (N − Z)/A. Data from Ref.[26].
expansion for δ → 0 turns to be useful,
e(ρ, δ) = e(ρ, 0) + S(ρ)δ2 +O[δ4] (4)
where the first term corresponds to the EoS of symmetric matter,
e(ρ, 0) = e(ρ0, 0) +
1
2
K0(
ρ− ρ0
3ρ0
)2 +O[(ρ− ρ0)3] (5)
and the second term to the so called symmetry energy S(ρ) ≡ ∂e(ρ,δ)
∂δ
|δ=0,
S(ρ) = J + L
ρ− ρ0
3ρ0
+
1
2
Ksym(
ρ− ρ0
3ρ0
)2 +O[(ρ− ρ0)3] , (6)
where different parameters have been defined: the incompressibility of symmetric nuclear matter
K0 ≡ 9ρ20 ∂
2e(ρ,0)
∂ρ2
|ρ=ρ0 , symmetry energy at saturation J ≡ S(ρ0), the slope of the symmetry energy
at saturation L = 3ρ0 ∂S(ρ)∂ρ |ρ=ρ0 and the incompressibility (or curvature) of the symmetry energy at
saturation Ksym ≡ 9ρ20 ∂
2S(ρ)
∂ρ2
|ρ=ρ0 . It has to be noted that the saturation energy of symmetric nuclear
matter should be equal or close to the value of aV . The parameter J can be identified as the bulk
asymmetry energy aA. Again the reason why only even powers of the asymmetry parameter δ appear
is due to the isospin invariance of the nuclear force. It is important to mention that consistent with
available theoretical calculations, Eq.(4) is not only accurate for small values of δ at densities close
to saturation but also for the most extreme value of δ = 1 which would describe an infinite system
composed only by neutrons, the so called neutron matter EoS. This fact allows one to determine in
good approximation S(ρ) ≈ e(ρ, 1)− e(ρ, 0), at least in the region of interest.
2.2 Nuclear response to small perturbations
Parameters such as K0, L or Ksym probe the density dependence of the EoS around the saturation
density and, thus, they might also be estimated in experiments that explore the behavior of nuclei when
slightly perturbed from their ground state, i.e., by studying density oscillations4.
4Keeping in mind an independent particle picture where nucleons are bound by an average one-body potential.
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function in good approximation corresponding to the IVGDR) in 208Pb as measured in different experi-
ments. Figure taken from Ref.[29]. Right panel: strength function for the IVGDR in 48Ca with different
experimental techniques. Figure taken from Ref.[30].
In general, nuclear shape oscillations are suggested by the fact that some nuclei are deformed in
their ground states (most of them) and some have spherical shapes (closed shell nuclei). Therefore,
a situation where the shape may show large differences from the ground state one seems plausible.
Actually, low-energy states with respect to the ground state energy appear in the energy spectra of
most of the known nuclei. Those states are excited by electric quadrupole processes. When dealing
with deformed nuclei, those states are known to be part of the so called ground state rotational band.
However, for spherical nuclei one is dealing with oscillations in the nuclear shape. At larger energies,
there exist other vibration modes that also correspond to shape oscillations of the nucleus as a whole
(isoscalar type) and/or fluctuations in which neutrons and protons collectively oscillate out of phase
(isovector type). Since nuclei are formed by two types of fermions, also spin and isospin exchange
oscillations occur. These higher energy oscillations are commonly known as Giant Resonances (GRs)
[19, 28] and are those in which we are most interested here. As an example, the first vibrational or
oscillation mode was measured by photo-absorption. It was latter confirmed that all nuclei show a large
increase of the photo-absorption cross section at around 10 to 30 MeV in this type of experiments, the
energy depending essentially on the size of the nucleus –that is, on the mass number A. This is known
as the isovector Giant Dipole Resonance (IVGDR). Two examples are shown in Fig.4. It is worth to
note that Migdal realized that an average excitation frequency for dipole absorption could be derived
from the nuclear polarizability that is related to the symmetry energy parameters J and L as we will
discuss.
2.2.1 Excitation energy of Giant Resonances
In order to provide a general idea on the relation of GRs with the parameters of the nuclear EoS, it is
interesting to briefly discuss how GRs can be understood from a macroscopic model. For that, we will
closely follow Ref.[19]. We have assumed so far that the nucleus is spherical and in its ground state.
A simple extension to that approximation will be to take into account that it may display collective
oscillations of the nucleon density as we just briefly introduced. Such an extension can be investigated
within the independent-particle picture, where nuclei are modeled to be bound by a one-body potential
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Figure 5: Left panel: excitation energies of the IVGDR as a function of the mass number A. Measured
stable nuclei compiled in Table IV of Ref.[31] and predictions from the harmonic oscillator model are
shown (see text). Right panel: excitation energies of the ISGQR for nuclei with A > 90. Data from
Ref.[32] and harmonic oscillator results are shown.
that, if possible, describes also the phenomenology that we have already discussed in the previous
subsection. To stay simple, one can assume that the energy spectra of the nucleus can be approximated
by that of an harmonic oscillator and, therefore, density oscillations in nuclei can be described by an
harmonic potential [19, 20].
Let us start by reminding some useful expressions for the harmonic oscillator H = 1
2
Cα2 + 1
2
Bα˙2,
where α represents the variation from equilibrium and the conjugate variable of α is defined as pi ≡ Bα˙,
C corresponds to the restoring force parameter and B to the mass parameter. It is known that the
energy spectrum is E = (n + 1
2
)~ω with ω = (C/B)1/2. In general, one can write the unperturbed
Hamiltonian by means of the quanta of excitation as H0 = n~ω0 where n is the number operator made
of convenient annihilation and creation operators (defined via α and pi in the usual way). Rewriting
the latter expression in terms of α, one finds that H0 = 12C0α2 + 12B0α˙2 − 12~ω0. Adding now a small
perturbation F that we assume goes as α, the variation of the one-body potential and, therefore, of
the density should be linear with the amplitude of the perturbation α and can be written in the form
δV = καF ≈ κα2. The latter give rise to a potential energy δU = 1
2
κα2. All this allows one to write
H = H0 + δU = 12(C0 + κ)α2 + 12B0α˙2 − 12~ω0. From this expression one finds that the restoring force
has been modified by the perturbation C = C0 + κ while the mass parameter stays unaltered B = B0.
The energy of the mode will be
~ω = ~
(
C
B
)1/2
= ~
(
C0 + κ
B0
)1/2
= ~ω0
(
1 +
κ
C0
)1/2
. (7)
The unperturbed energy ~ω0 should be chosen in a way to preserve the main features of the ground-state
energy spectra. Since we are dealing with a simple model, the energy gap between independent particle
shells can be naively expected to decrease as 1/R. The most commonly used expression for the shell
gap is ~ω0 ≈ 41A−1/3 MeV.
Now we would like to apply this model to some specific examples. In particular we will briefly discuss
the isovector dipole resonance and the isoscalar and isovector giant quadrupole resonance (GQR). Other
modes could be understood in a similar way. As mentioned, the IVGDR was the first observed GR.
The excitation energy of this resonance can be understood within the simple model discussed here as
an interplay of the unperturbed excitations and a collective field proportional to the dipole moment
10
F (r) =
∑A
i=1 riτz(i)Y10(rˆi) where r is the radial coordinate and τz is the third component of the Pauli
matrices in isospin space. That is τz = 1 for neutrons and τz = −1 for protons. First of all, we determine
C0 from the following considerations. In the unperturbed system of A nucleons with mass m, one can
identify the mass parameter by comparing the kinetic energy of the proposed model 1
2
pi2
B0
with the kinetic
energy of an uncorrelated system of particles with average momentum 〈p2〉 = ∑Ai=1 p2iA , that is, 12 〈p2〉m A.
This gives B0 = m/A and, therefore, C0 = ω20B0 = ω20m/A. Next, we evaluate the restoring force κ.
As previously discussed, for small variations δV = kαF . On the other side, isovector variations of the
potential will produce a variation of the isovector density (ρn−ρp), that is, δV ≡ 14Vsymτz δ(ρn−ρp)ρ where
Vsym is the repulsive symmetry potential 5. Taking into account that we assume the average amplitude
〈F 〉 equal to α and that δV can be approximated by the deformation of the static potential V , one can
find that κ = Vsym
4A〈r2〉 for the assumed excitation operator F within the harmonic approximation [19].
Finally, the excitation energy of the IVGDR is obtained,
~ωIVGDR = ~ω0
(
1 +
~2
4m〈r2〉
Vsym
~2ω20
)1/2
≈ ~ω0
(
1 +
~2
4m〈r2〉
8(aA − aASA−1/3)− 83εF
~2ω20
)1/2
(8)
where in the last step we have used the relation between Vsym and the parameters of the LDM (cf.
previous footnote). By using the value of the shell gap modified by the average nucleon effective mass
~ω0 →
√
m/m∗~ω0 with m∗ ≈ 0.7m 6 and the Fermi energy at saturation density εF ≈ 35 MeV, one can
determine aAS by fitting existent experimental data on the IVGDR (e.g., data from Table IV in Ref.[31])
assuming aA ≈ 28 MeV as determined from masses. Both, experimental results and fit (re-scaled by a
factor 1.25) are shown in Fig.5. The result for the surface asymmetry coefficient that follows the correct
trend of the experimental data is aAS ≈ 9 MeV, compatible with the one obtained from the neutron skin
thickness. We note that due to the approximate nature of Eq.(8), the results had to be shifted by about a
25% to larger energies as a whole in order to lie on top of the experimental data. Such a systematic error
might be expected in this type of macroscopic models. The important result here is that the formula
in Eq.(8) follows in good approximation the experimental trends with A. Finally, it is interesting to
note that Eq.(8) predicts a functional form of the type EIVGDRx ≈ aA−1/3 − bA−2/3 where a and b
should be positive parameters while in the literature a function of the type EIVGDRx ≈ cA−1/3 + dA−1/6
has been frequently used [31]. In this model, the term in A−1/3 arises from considering the IVGDR
as an out-of-phase motion of two fluids with a sharp surface and keeping the total density fixed, the
Jensen-Steinwedel model, while the term A−1/6 corresponds to a model where neutrons and protons
might behave like two separate but interpenetrating density distributions, the Goldhaber-Teller model
(cf. Fig.1 of Ref.[33], see also Eq.(4.12) and Fig.6 therein).
The isoscalar giant quadrupole resonance (ISGQR) was discovered in the early 70’s in inelastic
electron and proton scattering [34, 35] and it has been well studied experimentally and theoretically.
For example, it has been seen that for nuclei with A > 90, the strength of this resonance is concentrated
in a single peak while, for lighter nuclei, the strength is more fragmented [36]. The isovector giant
quadrupole resonance (IVGQR) is more elusive from the experimental point of view, in part due to the
high excitation energy –larger than 2~ω0 ≈ 82A−1/3 on the basis of the harmonic oscillator model–,
the large width and a relatively small excitation cross section. In Fig.6 such difficulties become more
evident, specifically, we show a schematic picture for the photon absorption cross section in a nucleus
5This expression comes from considering that the nuclear potential can be divided in an isoscalar part V0 and an
isovector part Vsym that can be defined as V ≡ V0 + 14Vsymτz N−ZA . The energy associated to this symmetry potential
within the independent particle approximation is Usym = 18Vsym
(N−Z)2
A and the kinetic energy Tsym =
1
3εF
(N−Z)2
A where
εF is the Fermi energy of the symmetric system that will be ≈ 35 MeV at the nuclear saturation density. All this allows
one to connect them with the LDM parameters: aA−aASA−1/3 = 13εF + 18Vsym. That is Vsym = 8(aA−aASA−1/3)− 83εF .
6The average effective mass in phenomenological models based on the independent particle picture is in the range
m∗ ≈ 0.6− 0.8m.
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Figure 6: Schematic picture for the photon absorption cross section in a nucleus such as 208Pb.
such as 208Pb. Recently, however, there has been some advance and the IVGQR in 208Pb has been
measured with unprecedented accuracy [37].
By adopting the same model but with F now proportional to r2Y20(rˆ) –including τz only for the IV
mode of excitation– and very similar considerations as for the dipole case –described in more detail in
Ref.[19]–, one can derive an expression for the excitation energy of the ISGQR,
~ωISGQR =
√
2
m
m∗
~ω0 ≈ 64A−1/3 MeV (9)
where we have already included the modification of the energy spectra of the harmonic oscillator due
to the average effective mass of the nucleon. In this case, we have chosen m∗ = 0.82m since this value
allows to better reproduce the experimental data for nuclei with A > 90 presented in Fig.5. We note
in this case that Eq.(9) does not depend (directly) on the parameters of the nuclear EoS since m∗,
even though one assumes its average value, it is a single-particle property. The correct trend of the
experimental data is well reproduced by the presented model.
In full analogy with the IVGDR, for the case of the IVGQR, one can derive the following expression
~ωIVGQR =
√
2
m
m∗
~ω0
(
1 +
5
2
~2
2m
Vsym〈r2〉
2 m
m∗ (~ω0)2〈r4〉
)1/2
, (10)
and adopting 〈r4〉 = 25
21
〈r2〉2 for a sharp sphere of radius R and Vsym = 8(aA − aASA−1/3) − 83εF (cf.
previous footnote),
~ωIVGQR ≈ ~ωISGQR
(
1 +
~2
2m
16(aA − aASA−1/3)− 163 εF
(~ωISGQR)2〈r2〉
)1/2
. (11)
We check the trend predicted by this formula for the experimental data in 40Ca and 208Pb: EIVGQRx =
31.5(1.5) MeV [38] and EIVGQRx = 23.0(2) MeV [37], respectively. By using Eq.(11), we find ~ωIVGQR ≈
29 MeV and ~ωIVGQR ≈ 17 MeV for 40Ca and 208Pb, respectively, using aA ≈ 28 MeV, aAS ≈ 9 MeV
and m∗/m ≈ 0.8. Also in this case, the model predicts a reasonable trend but underestimates the
experimental data.
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2.2.2 Sum rules
Sum Rules (SR), or moments of the strength function in nuclei (as that shown in the right panel of Fig.4)
provide information on some relevant quantities that have been related to the parameters of the nuclear
EoS. The usefulness of SR is that in some cases they are model independent and/or predict very simple
expressions that can be exploited to better understand the nuclear phenomenology. This is the reason
why we will briefly discuss here some examples adopting a macroscopic approach. Specifically, the
isoscalar monopole and dipole resonances as well as the nuclear dipole and quadrupole polarizabilities
will be discussed.
So far the strength function has already been mentioned but not defined. Let us use an example
to introduce this quantity. We have mentioned that the first GR measured was the IVGDR via photo-
absorption. The cross section for the excitation to a final state |ν〉 with energy Eν from the ground
state |0〉 with energy E0 by a photon at a given energy E is under some reasonable assumptions [39],
σν(E) = 4pi
2α(Eν − E0)|〈ν|Fdipole|0〉|2δ(E − Eν + E0) , (12)
where α is the fine structure constant and Fdipole is referred to the center of mass (CM) and, thus,
differs from the dipole operator defined previously by ~ri → ~ri−~rCM. The latter change has no influence
on the matrix elements as long as the initial and final states do not violate translational invariance.
In nuclei, translational invariance is actually violated and, thus, spurious states might appear. Those
will be corrected on average only if Fdipole is defined with subtracting the CM motion. The total cross
section is obtained by summing over all final states |ν〉 and energies. The result is,
σγ−abs = 4pi2α
∑
ν
(Eν − E0)|〈ν|Fdipole|0〉|2 ≡ m1
4pi2α
(13)
where m1 is the energy weighted moment of the strength function (for the dipole case in this example),
S(E) ≡
∑
ν
|〈ν|Fdipole|0〉|2δ(E − Eν + E0) (14)
and
mk ≡
∫
dEEkS(E) =
∑
ν
(Eν − E0)k|〈ν|Fdipole|0〉|2 . (15)
Commonly, the ground state energy E0 is taken as a reference and set to zero. In a similar way, one can
derive the corresponding relations for higher multipole electromagnetic transitions [39]. The definition
of the strength function and moments remains, in any case, unaltered. Only the transition operator
that mimic the experimental process should be carefully defined.
We have just seen that the photo-absorption cross section is proportional to m1 or energy weighted
sum rule (EWSR). It is straightforward to show that
m1 =
∑
ν
(Eν − E0)|〈ν|F |0〉|2 = 〈0|F †[H, F ]|0〉 (16)
by using H|ν〉 = Eν |ν〉. Similarly,
m0 =
∑
ν
|〈ν|F |0〉|2 = 〈0|F †F |0〉
m2 =
∑
ν
(Eν − E0)2|〈ν|F |0〉|2 = 〈0|F †[H, [H, F ]]|0〉
m3 =
∑
ν
(Eν − E0)3|〈ν|F |0〉|2 = 〈0|F †[H, [H, [H, F ]]]|0〉
13
and so on and so forth [40]. To evaluate, therefore, mk only information on the ground state is needed.
This greatly simplify the calculations. For example, for general operators defined as
F IS =
A∑
i=1
f(ri)YJM(rˆi) and F
IV =
A∑
i=1
f(ri)YJM(rˆi)τz(i) (17)
where J represents the total angular momentum (J = 1 corresponds to dipole transitions, J = 2 to
quadrupole transitions, etc.; see below for more details), the EWSR can be found to be assuming a
single-particle model
mIS1 =
A
4pi
~2
2m
2J + 1
A
∫
d~r
[(
df
dr
)2
+ J(J + 1)
(
f
r
)2]
ρ(r) (18)
mIV1 = m
IS
1 (1 +K) (19)
where K is the so called isovector enhancement factor. Experimentally, it has been found to be around
0.2 in the dipole case [36]. Theoretically, it has a different expression depending on the interaction
used for the calculation –that is, mIV1 is model dependent. Specifically, for finite-range or zero-range
momentum dependent interactions, the isovector enhancement factor is different from zero. One of the
most interesting features comes from the isoscalar EWSR. For isoscalar operators [V, F IS] = 0 and only
the kinetic part contributes to mIS1 . This is why we obtain closed, analytic and model independent
expression in Eq.(18).
Now we introduce the linear response of a nucleus to an external field F also known as dynamic
polarizability. From a macroscopic perspective, this quantity is interesting since it measures in photo-
absorption processes the tendency of the nuclear charge distribution to be distorted. In perturba-
tion theory, the linear response can be written as αF (E) = 2
∑
ν
Eν−E0
(Eν−E0)2−E2 |〈ν|F |0〉|2 and, therefore,
αF (E)|E→0 = 2(m−1 + E2m−3 + ...) [41]. The static polarizability corresponds to the first term in this
expansion, that is, the inverse energy weighted sum rule (IEWSR) m−1. Coming back to our initial
example, one can see from Eq.(12) that
m−1 = 4pi2α
∫
dE
∑
ν
σν(E)
(Eν − E0)2 . (20)
That is, the second inverse moment of the photo-absorption cross section is proportional to the static
polarizability. As for the EWSR, the calculation of the IEWSR only requires information of the ground
state due to the dielectric theorem [40]. Consider that the ground state is perturbed by an external
field λF assuming λ small so that perturbation theory holds. Changes in the expectation value of the
Hamiltonian H can be written as,
δ〈H〉 = λ2
∑
ν 6=0
|〈ν|F |0〉|2
Eν − E0 +O(λ
3) = λ2m−1 +O(λ3) , (21)
where standard perturbation theory has been applied, while changes in the expectation value of the
operator,
δ〈F 〉 = −2λ
∑
ν 6=0
|〈ν|F |0〉|2
Eν − E0 +O(λ
2) = −2λm−1 +O(λ2) . (22)
This leads to,
m−1 =
1
2
∂2〈H〉
∂λ2
∣∣∣
λ=0
= −1
2
∂〈F 〉
∂λ
∣∣∣
λ=0
(23)
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which is nothing but the dielectric theorem. From the relation between 〈H〉 and 〈F 〉 one may also write,
∂2〈H〉
∂λ2
∣∣∣
λ=0
=
∂
∂λ
(
∂〈H〉
∂〈F 〉
∂〈F 〉
∂λ
∣∣∣
λ=0
)
2m−1 = (−2m−1)2∂
2〈H〉
∂〈F 〉2
1
2m−1
=
∂2〈H〉
∂〈F 〉2 . (24)
If one now defines a scaled wave function such that |η〉 ≡ eη[H,F ]|0〉, where η is the scaling param-
eter, the expectation value of the Hamiltonian proportional to η2 in this basis –i.e. 〈η|H|η〉– will be
η2
∑
ν(Eν − E0)3|〈ν|F |0〉|2. Therefore, the third moment of the strength function can be evaluated
as a second derivative of a small parameter. In the scaling case m3 = 12
∂2〈H〉
∂η2
∣∣∣
η=0
. Hence, the third
moment of the strength function can also be regarded as a measure of the polarizability of the system:
it accounts for the change in the energy of the system when the ground state is deformed according to
the scaling defined above.
With these elements, we will give now some examples. Let us start with the static dipole polar-
izability or m−1 calculated by assuming the previously introduced DM. In Ref.[42], this quantity was
calculated for the dipole operator leading to the expression7
αDMD ≈
pie2
54
A〈r2〉
aA
(
1 +
5
3
aAS
aA
A−1/3
)
(25)
where we have again identified the asymmetry term in the DM with that in the LDM in order to provide
a simple formula with already known parameters. This does not modify the physics contained by the
formula but may introduce some differences with respect to the DM result. As an example, this formula
with aAS = 9 MeV and aA = 28 MeV predicts, with remarkable accuracy, that αD(208Pb) ≈ 19.3 fm3
(Exp. 19.6(6) fm3 [44]), αD(120Sn) ≈ 7.8 fm3 (Exp. 8.6(4) fm3 [45]), αD(68Ni) ≈ 3.1 fm3 (Exp. 3.9(3)
fm3 [46]) and that αD(48Ca) ≈ 1.8 fm3 (Exp. 2.1(2) fm3 [30]).
The extension to other multipolarities only changes the power for the expectation value of r and the
geometric factors but not the main structure of Eq.(25). For example, for the quadrupole case,
mDM−1 (Q) ≈
1
16pi
A〈r4〉
aA
(
1 +
7
3
aAS
aA
A−1/3
)
. (26)
These formulas indicate that aAS/aA depends linearly with the polarizability times aA for any multipo-
larity. The linear relation will differ depending on the multipolarity. It will be interesting to confirm if
a difference exists in experiment as well.
Next we will focus on the excitation energy of the ISGMR known as the breathing mode 8 and the
ISGDR known as the squeezing mode 9. It is important to note that excitation operators proportional
to r such as the isoscalar dipole operator rY10(rˆ) produce a center of mass translation and, therefore,
does not lead to an excitation of the nucleus. Thus, for the study of the ISGDR the operator should
describe second order dipole transitions, that is, it should be proportional to r3Y10(rˆ) where mostly
3~ω transitions will be excited. In addition, as in the isovector dipole case, the CM motion should be
subtracted. For the ISGMR, the isoscalar monopole operator proportional to r0Y00 will not produce
any nuclear excitation for obvious reasons and so, again, one needs to go to second order monopole
transitions (2~ω), that is, to use the operator r2Y00.
7The expression introduced by Migdal in Ref.[43] neglected the term in aAS .
8From a macroscopic picture it would correspond to an isotropic compression.
9From a macroscopic picture it would correspond to a non-isotropic compression.
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Figure 7: Left panel: excitation energy
√
m1/m−1 of the ISGMR as a function of the mass number.
Predictions of Eq.(32) are compared with experiment [36]. Right panel: ratio between the excitation
energies of the ISGDR and ISGMR as a function of the mass number. Experimental data have been
fitted to a constant value inspired by the macroscopic model described in the text. See text for details.
We discuss the estimation of the excitation energy of the ISGMR and ISGDR by using the sum
rules [47] since those are more general and subject to less model dependencies than, for example, the
harmonic oscillator approach. There are different ways to define an excitation energy by using sum
rules. The most common ones are the centroid energy m1/m0, the constrained energy
√
m1/m−1 and
the scaling energy
√
m3/m1. All of them might be very useful but we will now concentrate on the
constrained energy.
To start it is instructive to see the ISGMR and ISGDR excitation energies within the harmonic
oscillator model of Ref.[19], as it has been done before for other modes. The prediction is ~ωISGMR ≈
5.6
√
K0A
−1/3 and ~ωISGDR ≈ 8.0√K0A−1/3, that is, the ratio ~ωISGDR~ωISGMR ≈ 1.43 is constant within this
approximation. In the harmonic oscillator approach, the excitation energy should be proportional to the
square root of the restoring force. In this case, macroscopically both modes can be understood as volume
compression of the nucleus and, thus, the restoring force has to be related to the incompressibility of
the finite nucleus of mass A. In the previous expression K0 has been used instead; this corresponds
to a rough approximation justified by the fact that employed macroscopic model aims at a qualitative
picture. It would be, therefore, interesting to define the incompressibility of the finite nucleus. The
concept can be extended from the infinite system of nucleons to the finite system as follows. For a given
nucleus with mass number A, using Eqs.(18) and (24), considering the monopole operator (J = 0) and
that 〈H〉 = E, one finds
(EISGMRx )
2 =
m1
m−1
= 4
~2
m
〈r2〉 ∂
2E
∂〈r2〉2 = 4A
~2
m〈r2〉〈r
2〉2∂
2(E/A)
∂〈r2〉2 ≡ KA
~2
m〈r2〉 , (27)
where the latter expression is commonly used to define the finite nucleus incompressibility KA ≡
4A〈r2〉2 ∂2(E/A)
∂〈r2〉2 . KA should be related to the compressibility of the nucleus if a macroscopic picture
is adopted, but which is the relation between KA and K0? Or, in other words, are these definitions in
harmony?. First of all let us answer the latter question. From the thermodynamical definition of the
compressibility χ = 1
V
(
∂P
∂V
)−1 one may write, assuming spherical symmetry,
1
χ
=
r
3
(
−rP + 1
4pir2
∂2E
∂r2
)
. (28)
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Imposing that the nucleus is like a liquid drop at equilibrium in its ground state and, therefore, its
pressure at any point can be taken as zero 10 and rewriting the incompressibility of infinite symmetric
nuclear matter in terms of the compressibility K0 = 9/(ρ0χ), we can define in analogy
KA =
9V
χ
= 9
r2
9
∂2E
∂r2
= Ar2
∂2(E/A)
∂r2
. (29)
If one does the variations with respect to r2 (instead of r), it leads to the expression
KA = 4A(r
2)2
∂2(E/A)
∂(r2)2
, (30)
so one can say that KA and K0 are comparable quantities. Next we briefly comment on how these two
quantities can be related [48, 49]. For this purpose, we will use a simple macroscopic model. Assuming
that the nucleus is a sharp sphere of radius R and neutron excess I, the energy per particle of the
nucleus can be written as the energy per particle of the infinite system (EoS) plus surface and Coulomb
corrections. That is, E/A = e(ρ, δ)+ 4piR2σ
A
+ 3
5
Z2e2
AR
where σ is the so called surface tension. By deriving
the energy per particle with respect to the density (taking into account that R will change accordingly),
equating the result to zero and expanding the EoS around saturation (ρ0) and for small asymmetries
(I → 0), one finds at lowest order in the density expansion the equilibrium density in the finite system
ρeq = ρ0 +
3ρ0
K0
(
1− LI2 + 24piσR2
A
− 3
5
e2
R
Z2
A
)
. One, of course, can improve this solution to take into
account also higher order terms in the density. Substituting the expression for the equilibrium density
(taking into account terms up to second order in the density expansion) of the finite nucleus into the
second derivative of the energy per particle multiplied by 9ρeq in analogy with the definition of K0 one
finds [48, 49, 50]
KA = 9ρeq
∂2(E/A)
∂ρ2
∣∣∣
ρ=ρeq
= K0+
(
22− 2K
′
K0
)
bSA
−1/3+
[
Ksym + L
(
K ′
K0
− 6
)]
I2+bC
(
K ′
K0
− 8
)
Z2
A4/3
(31)
where terms in σ′ are zero, terms in σ′′ have been neglected and parameters bS and bC conveniently
collect some constants 11. Primes stand for density derivatives evaluated at ρ0. This expression is
analogous to the liquid drop mass formula. Many attempts have been done to fit the parameters of this
type of function to available experimental data on the excitation energy of the ISGMR (see Ref.[51]).
In this way one can provide important qualitative information on the relation of the excitation energy
of the ISGMR and the different parameters of the EoS. In order to show here an example, we will use a
simplified model, known as the Blaizot formula [48], commonly used in the literature and that resembles
more the liquid drop model,
KA ≡ KV +KSA−1/3 +KτI2 +KC Z
2
A4/3
(32)
where different parameters (K’s), to be fitted to the experimental EISGMRx via the relation in Eq.(27)
–that is, within the constrained approximation– have been defined in an obvious way. Analogous to the
LDM energies, the volume term here is identified with the corresponding parameter of the EoS, that is,
K0. The latter is, of course, an assumption that depends on the reliability of Eq.(32). The result of the
fit to 18 experimentally known EISGMRx [36] (see also Ref.[51] and references therein) is K0 = 326(150)
MeV, KS = −877(293) MeV and Kτ = −417(664) MeV if the Coulomb term is fixed to KC = −5.2
10We remind that this is just a simplified picture to justify the definition in Eq.(27).
11Such as the surface tension evaluated in a semi-infinite nuclear matter calculation of a symmetric system evaluated
at ρ0. This is encoded in bS .
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MeV (assuming no error) which has been estimated from microscopic models [52] 12. From this fit it is
clear that available experimental data is not enough to constrain the parameters of this formula [53].
In Fig.7 the excitation energy of the ISGMR (
√
m1/m−1) as a function of the mass number is shown.
Predictions of Eq.(32) are compared with experimental data [36] used in the fit.
Finally, for the case of the ISGDR, one can follow similar considerations and find the constrained
energy as we have done before for the ISGMR. The result will be again proportional to
√
KA. In Ref.[47]
it was derived theoretically that the relation between the ISGMR and ISGDR excitation energies should
roughly scale by a constant factor E
ISGDR
x
EISGMRx
≈
√
15
7
≈ 1.46 (very close to the HO prediction) meaning that
the information content of both observables is, in first approximation, redundant. In the right panel of
Fig.7, the rate between these energies for available experimental data in 208Pb[54] and Sn isotopes [55]
13 are shown. A fit to a constant value is also depicted being the result equal to 1.67(4). The main
discrepancy between the experimental fit and the theoretical prediction is probably due to the fact that
the ISGDR is splitted into two peaks and in the last figure we have only used the excitation energy of
the high energy peak while, to be fully consistent in the comparison with theory, one has to estimate
from experiment m1/m−1 for the full energy range. On the other side, although the results for the Sn
isotopes are consistent with a constant value of E
ISGDR
x
EISGMRx
, it seems that there is some dependence on the
neutron excess.
In summary, we have seen a way to connect the excitation energy of the ISGMR and ISGDR with
KA and, thus, with K0 and Ksym. Similar expressions could be derived for the scaling energy
√
m3/m1
using instead the relation derived above for the third moment of the strength functionm3 = 12
∂2〈H〉
∂η2
∣∣∣
η=0
.
3 Theoretical framework: self-consistent mean field models
The nuclear EoS describes a system that does not exist isolated in nature. Therefore, to access the
parameters that characterize the EoS one needs to compare theory with experimental data on finite
nuclei, heavy ion reactions or with astrophysical observations, especially those coming from neutron
stars. Here, we will concentrate on the information one can gain from (bulk) ground and collective
excited state properties of nuclei. In general, it is important to keep in mind that the separation
between bulk and surface properties of nuclei is model dependent and, thus, to establish the relation
between the properties of finite nuclei and the EoS will suffer from model intrinsic uncertainties difficult
to evaluate.
As we have seen in the previous section, bulk properties of finite nuclei such as masses, radii and
integrated moments of the strength function, directly related to the linear response of the nucleus to
small perturbations, are clearly connected with the main parameters of the nuclear EoS. It is, therefore,
crucial to analyze available experimental data within a microscopic theoretical framework that can
reliably describe all these observables and then predict the EoS on equal footing. Nowadays, the most
suitable framework is that of self-consistent mean field models (SCMF) [56]. From a theoretical point
of view, SCMF can be regarded as a possible way to derive an approximate EDF. The importance of
such a relation is that EDF theory is based on the Hohenberg-Kohn theorems that ensure the existence
of an exact energy density functional. By exact here one means that both total energy and density as
well as the expectation value of any one-body operator would correspond to an exact prediction (since
any one-body operator can be reabsorbed in the one-body potential in the Kohn-Sham realization of an
EDF). As it will be seen in Sec.5, nuclear EDF derived from SCMF calculations have shown a very high
12Errors in K0, KS and Kτ correspond to one standard deviation and are underestimated since KC has been assumed
to be well known.
13Instead of a rate between excitation energies calculated as
√
m1/m−1, energies from a Lorentzian fit to the experi-
mental strength function are used.
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accuracy on the overall description of nuclear masses (below the 0.5% for medium and heavy nuclei)
and charge radii (about few %). Regarding moments of the strength function, EDFs are successful
in the description of excitation energies of GR and polarizabilities (see Sec.6). The latter can also
be justified from an EDF perspective because, whenever the external perturbation is an isoscalar and
one-body operator, the calculation of mk will stay within the Kohn-Sham shceme of the Hoheberg-Kohn
theorems.
In what follows we will briefly review the most commonly used SCMF models and their extension
to deal with the linear response of nuclei when perturbed by an external field. For further details we
refer the reader to the literature herein.
3.1 Nuclear effective forces
In the ground state of a nucleus, or at low excitation energies (MeV), nucleons do not feel the bare
nucleon-nucleon interaction due to the presence of many other nucleons. It is, therefore, natural to
consider a screened bare interaction that can be parameterized in terms of an effective interaction in
the medium and that may greatly differ from the bare one. Opposite to the bare interaction derived
from nucleon-nucleon scattering data in the vacuum, effective interactions can be well behaved at all
distances and many-body methods can be applied more easily. Commonly used effective interactions
depend on about ten parameters and are fitted to many-body data such as masses or charge radii, so
a many-body scheme has to be fixed before the determination of the optimal parameters. That is, the
use of these models is restricted to the many-body scheme employed in the fitting of the parameters.
Current SCMF models are built based on effective density-dependent two-body interactions. The
ansatz can be chosen freely, however, only three types of interactions are commonly used nowadays. The
main features that need to be ensured are the short-range character of the interaction, the saturation
mechanism, the isospin invariance, and the fermionic nature of the nucleon. Those successful interactions
are known as the non-relativistic zero-range Skyrme [57] and finite-range Gogny [58] interactions as well
as the relativistic SCMF models of zero-range and finite-range as well as including self-interacting meson
terms or density dependent coupling constants [59].
3.1.1 Non-relativistic effective interactions
The Skyrme interaction is the most widely used interaction in nuclear structure calculations. The
reason is simple: it is a zero-range (but momentum dependent) interaction that greatly simplifies
calculations in many-body systems. It was introduced by T. H. R. Skyrme in Ref.[57] as the lowest
order momentum expansion of a (finite-range) Yukawa interaction plus a three-body contact term that
is usually approximated by a density dependent two-body contact term as well as with a spin-orbit
term that has its origin in covariant theories,
VSkyrme(r) = t0(1 + x0Pσ)δ(r) +
1
2
t1(1 + x1Pσ)
[
k†2δ(r) + δ(r)k2
]
+ t2(1 + x2Pσ)k
† · δ(r)k
+
1
6
t3(1 + x3Pσ)δ(r)ρ
α(R) + iW0σ · k† × δ(r)k , (33)
where tensor contributions have not been included; t’s, x’s, α and W0 are the parameters to be fitted14;
r ≡ r1 − r2 is the relative coordinate between particles 1 and 2; R ≡ r1+r22 is the CM coordinate
considering two equal (mass) nucleons; k ≡ k1−k2 in momentum space or k = i2 (∇1 −∇2) in coordinate
space correspond to the relative momentum operator between the interacting particles labeled with 1
14α = 1 would correspond to the reduction of a pure three-body force to a two-body density dependent one, thus, α
different from 1 and 0 mimic a many-body interaction term.
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and 2; σ ≡ σ1+σ2 is the sum of the Pauli matrices referred to particle 1 and 2, respectively; Pσ ≡ 1+σ1·σ22
is the spin-exchange operator between particles 1 and 2.
Although there are hundreds of parameterisations of this effective interaction in the literature, only
some of them are considered to be accurate enough to be used for a general purpose. In Ref.[60] 240
parameterizations were analyzed based on some criteria and a short list of preferred parameterizations
was given. Other comparisons are available in the literature as well (see for example Refs.[61, 62]).
Another type of commonly used effective interaction in non-relativistic models is the so called Gogny
interaction [58] that has two finite-range terms of Gaussian type, a zero-range density dependent term
and a spin-orbit term, being the last two terms equal to those of the Skyrme interaction,
VGogny(r) =
2∑
i=1
e
r
µi (Wi +BiPσ −HiPτ −MiPσPτ )
+
2∑
i=1
ti0(1 + x
i
0Pσ)δ(r)ρ
αi(R) + iW0σ · k† × δ(r)k , (34)
where Pτ is the isospin exchange operator (analogous to the spin-exchange one previously defined) and
W ’s, B’s, H’s, M ’s, t3, x3, α, and µ’s are the parameters that have to be fitted to experimental data.
Much less parameterizations of this force are available in the literature. Nevertheless, its accuracy in the
description of masses, charge radii and excitation energies of GR is comparable to that of the Skyrme
models [63].
3.1.2 Relativistic effective interactions
Within the relativistic framework, the effective interaction is carried by heavy mesons. The Walecka
model [64] represents the first attempt to propose a relativistic theory of the nucleus. It has been later
improved including meson self-interacting terms or density dependent meson-nucleon vertex functions.
Those interactions are finite-range since the bosons carrying the interaction are massive. However,
there are also zero-range versions of relativistic interactions based on the heavy-mass meson limit that
allow to neglect the momentum transfer in the scattering of two nucleons in a nucleus within a good
approximation [65, 66].
These theories start from a Lagrangian density usually composed of three parts, the nucleonic free
Lagrangian, the mesonic free Lagrangian and the Lagrangian describing the interactions. The first one
corresponds to the Dirac equation for the free nucleon fields while the second one corresponds to its
equivalent in the case of bosons, that is, the Klein-Gordon equations for the free meson fields. The
interaction Lagrangian can be generally written as,
Lint = Ψ¯Γσ(Ψ¯,Ψ)ΨΦσ + Ψ¯Γδ(Ψ¯,Ψ)τΨΦδ
−Ψ¯Γω(Ψ¯,Ψ)γµΨA(ω)µ − Ψ¯Γρ(Ψ¯,Ψ)γµτΨA(ρ)µ (35)
where the neutrons and the protons are represented as Dirac spinors Ψ =
(
ψp
ψn
)
and the four mesons
(σ, ω, ρ and δ) carrying the effective nuclear strong interaction represented by the fields Φσ, A
(ω)
µ ,
A
(ρ)
µ and Φδ. The index µ indicates the time- and space-like components of the vector fields and the
bold face indicates the vector nature of a field in the isospin space. The Pauli matrices in isospin
space are represented by τ and the Dirac matrices by γµ. The Γ’s are the couplings associated to
each meson field and they may depend on the nucleon field Ψ, however, since covariance is required,
the dependence should reduce to a scalar operator of the form ρˆ(Ψ¯,Ψ). Hence, one should take a
prescription for the specific expression of this Lorentz-invariant operator. The prescription ρˆ2 = jˆµjˆµ
—where jˆµ = Ψ¯γµΨ = ρˆuˆµ is the nucleon vector current and uˆµ a four velocity (uˆµuˆµ = 1)— has been
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chosen frequently in modern versions of these models. The reason relies on the fact that its expectation
value at the ground state is just the nucleon density ρ. Hence, the connections with other theories will
be more natural.
In the original Walecka model, the Γ’s where simple constants (no dependence on the nucleon field)
and no δ or ρ meson fields were taken into account. This was enough to reproduce the saturation
mechanism in a Hartree (mean-field) calculation since σ simulate the short range attraction produced
by two-pion exchange and ω produces the needed repulsion. It is, however, not successful in reproducing
the incompressibility of infinite symmetric nuclear matter or isovector properties in general since, looking
at Eq.(35), it is evident that σ is a scalar-isoscalar meson and ω is a vector-isoscalar meson while their
isovector counterparts are ρ and δ (i.e. terms involving τ ). It is important to note that the pion is
not explicitly included in theories that do not go beyond the mean-field Hartree approach since, for
symmetry reasons, the expectation value of the pion-field (pseudo-vector) in a Hartree calculation is
zero. Interesting features of these models are that they preserve Lorentz invariance (as in the underlying
QCD) allowing for a natural description of the spin-orbit coupling, imposing restrictions on the number
of parameters, and preserving causality among other relevant properties.
As mentioned, relativistic interactions employed nowadays are different from the original Walecka
model. The first type corresponds to non-linear Walecka model and includes the ρ meson field and
meson self-interacting terms up to some given order in the expansion of the meson fields [67]. The
minimal refinement and one of the most commonly used is just to include σ self-interacting terms up
to the fourth order modifying the interaction Lagrangian by adding terms as −g2
3
Φ3σ − g34 Φ4σ [68]. Such
a modification allows to better reproduce, e.g., the incompressibility.
The other, even more successful approach is based on effective Lagrangians where the interaction
couplings in Eq.(35) are considered to be dependent on the baryon density. In these models, there is the
freedom to choose the explicit density dependence of the coupling constants. The most extended strategy
is to map or mimic the density dependence derived from Dirac-Brueckner-Hartree-Fock calculations in
infinite nuclear matter as done, e.g., in Refs.[69, 70, 71]. Finally, zero-range reduction of the theory by
assuming the heavy-meson mass limit have been also shown to be successful [72].
In the relativistic case, there exist also hundreds of parameterizations of the effective interaction.
Most of them have also been examined in the study of Ref.[73], similar to the one previously mentioned
for the Skyrme interaction [60]. Other comparisons are available in the literature as well (see for example
Ref.[74]).
3.2 Self-consistent mean-field approach
Nuclear phenomenology justify the assumption that nucleons move independently in an average one-
body potential or mean-field produced by all nucleons. To derive such a potential from two and three
body interactions, it is customary to apply the variational principle using Slater determinants as a
very simple trial wave functions. In practice such a procedure is realized by the Hartree or Hartree-
Fock approximations based on a nuclear effective interaction such as the ones discusses so far. As
mentioned, these types of models allows for a description of nuclei by an EDF dependent on generalized
densities, i.e., the neutron and proton densities, spin densities, kinetic energy densities, currents, etc.
For simplicity, it is common to encode all this information keeping a simple notation: E[ρ].
The variational equation can be written as δE[Ψ] = 0, where E[Ψ] ≡ 〈Ψ|H|Ψ〉/〈Ψ|Ψ〉 is equivalent
to the Schroedinger equation 〈δΨ|H − E|Ψ〉 = 0 → H|Ψ〉 = E|Ψ〉. As long as one does not know the
exact wave function |Ψ〉, trial wave functions |Φ〉 should be assumed. The variational principle tells us
that for any trial wave function E[Φ] ≥ E0 being trivially equal if |Φ〉 = |Ψ〉 and being E0 the ground
state energy. The latter inequality is very easy to prove [20]. Not knowing |Ψ〉 will always result in an
approximate solution for E0. For the calculation of excited states on the bases of the trial (approximate)
wave function, one solves the variational equation δE[Φν ] = 0 imposing that the excited state ν should
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be orthogonal to the ground state 〈Φν |Φ0〉 = 0 (and to all other excited states).
In what follows we will briefly describe the main idea behind the HF method in order to give an
overall idea to the non-conversant reader. For a deeper insight we refer the reader to, e.g., Refs.[56, 20]
and for recent developments to Refs.[75, 76, 77, 61, 74, 62].
3.2.1 Hartree-Fock ground state energy
As previously discussed, it is justified to assume that a one-body potential can describe reasonably well
the nuclear phenomenology. The HF theory assumes a Slater determinant as a trial wave function to
calculate the one-body potential from the expectation value of a two-body interaction. Then, the ground
state energy of the system within the HF approximation can be found by applying the variational prin-
ciple that will give as a result the optimal |ΦHF0 〉 and, thus, the ground state density ρHF = 〈ΦHF0 |ΦHF0 〉.
Hence, one needs to calculate first the HF energy from an effective Hamiltonian15 and, then, to perform
variations with respect to the wave function keeping the orthonormality of the bases in order to find
the ground state energy. After doing so, one is able to simplify the A-body problem into a 1-body
problem. That is, one finds a set of equations for each orbital with the form of a Schroedinger equa-
tion h(x)φi(x) = εiφi(x) where εi, φi and h(x) represent the single-particle energy, wave function and
Hamiltonian for a given particle labeled with i. The single-particle Hamiltonian relates with the HF
Hamiltonian as follows, HHF = ∑Ak=1 h(xk). The HF equations are commonly solved iteratively until
consistency between the one-body potential and the single-particle wave functions is reached. It is
important to notice that we just highlight some of the very general features of the ground state energy
calculations via the HF approach. In actual calculations, relevant details like nuclear deformations or
paring correlations among others have to be taken into account.
Independently of the effective interaction adopted, it is important to note that some differences be-
tween the relativistic and non-relativistic frameworks arise from the kinetic energy. The non-relativistic
expression for the kinetic energy in the HF approximation can be written as − ~2
2m
∑A
j=1〈φj|∇2j |φj〉 while
the relativistic one is
∑A
j=1〈φj| (iγµ∂µ −M) |φj〉 16 giving quantitative differences in actual calculations.
3.2.2 Infinite asymmetric nuclear matter
Within the Hartree or Hartree-Fock approximations, one can now numerically estimate the energy
and density of the ground state as well as the sum rules discussed in Sec.2 for any nucleus adopting
the preferred effective interaction. Some results will be presented in the following sections. On the
other hand, by neglecting the Coulomb interaction and assuming plane waves since the system is
translationally invariant, i.e. φ = 1√
Ω
eik·r, one can also address the problem of calculating the uniform
and spin-saturated nuclear matter equation of state for arbitrary neutron and proton densities at zero
temperature, that is, what we have called so far the nuclear EoS. The limiting cases, i.e., the symmetric
matter EoS will correspond to δ = 0 (ρn = ρp), and the pure neutron matter EoS will correspond to
δ = 1 (ρ = ρn).
Skyrme. For the Skyrme interaction, one finds that the nuclear EoS can be written as [60],
e(ρ, δ) =
3
5
k2F
2m
f5/3 +
1
8
t0ρ [2(x0 + 2)− (2x0 + 1)f2] + 1
48
t3ρ
α+1 [2(x3 + 2)− (2x3 + 1)f2]
+
3
40
k2Fρ
{
[t1(x1 + 2) + t2(x2 + 2)] f5/3 +
1
2
[t2(2x2 + 1)− t1(2x1 + 1)] f8/3
}
(36)
15In the relativistic framework one can obtain the Hamiltonian from the Lagrangian by a Legendre transformation
H = T 00 where Tµν =∑i ∂L∂(∂µφi)∂νφi− gµνL is the energy-momentum tensor, gµν is the metric, and φi runs over all the
nucleon and meson fields.
16Adopting the no-sea approximation where negative-energy states are not taken into account, that is, vacuum polar-
ization is explicitly neglected.
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where kF =
(
3pi2
2
ρ
)1/3
and fm = 12 [(1 + δ)
m + (1− δ)m].
Gogny. For the Gogny interaction, one finds [78]
e(ρ, δ) =
3
5
k2F
2m
f5/3 +
1
2
2∑
i=1
{[
pi3/2µ3i
4
(4Wi + 2Bi − 2Hi −Mi) + 3
4
ti0ρ
αi
]
ρ
+
[
−pi
3/2µ3i
4
(2Hi +Mi)− 1
4
ti0(1 + 2x
i
0)ρ
αi
]
ρδ2
}
− 1
2
2∑
i=1
{
1√
pi
(Wi + 2Bi −Hi − 2Mi)
[
1 + δ
2
g(µikFn) +
1− δ
2
g(µikFp)
]}
+
1√
pi
(Hi + 2Mi)h(µikFn , µikFp) (37)
where kFq with q = n or p is the Fermi momentum of neutrons and protons respectively. It relates with
kF as follows kFq = kF (1 + τqδ)1/3 where τn = −1 and τp = 1. The two functions have been defined:
g(q) ≡ 2
q3
− 3
q
−
(
2
q3
− 1
q
)
e−q
2
+
√
pierf(q); and h(s, t) ≡ 2 s2−st+t2−2
s3+t3
e−
(s+t)2
4 − 2 s2+st+t2−2
s3+t3
e−
(s−t)2
4 −
√
pi s
3−t3
s3+t3
erf
(
s−t
2
)
+
√
pierf
(
s+t
2
)
.
Non-linear Walecka model. In this case, as an illustrative example, we give the version of the
model with just the self-interacting σ−meson terms up to fourth order [68]. An extended model can be
found in Ref.[67]. Within the Hartree approximation, the solutions of the Dirac equations for protons
and neutrons are the usual plane-wave Dirac spinors. The infinite matter reduction of the meson field
equations of motion are, within the same approximation,
Φσ =
Γσ
m2σ
ρs; A(ω)0 =
Γω
m2ω
ρ; Φδ =
Γδ
m2δ
ρs3; and A
(ρ)0 =
Γρ
m2ρ
ρ3 , (38)
where the nucleon and scalar densities can be computed as follows,
ρq =
2
(2pi)3
∫
|k|<kFq
d3k =
kFq
3
3pi2
ρs
q
=
2
(2pi)3
∫
|k|<kFq
m∗
q
Eq
d3k
=
m∗
q
2pi2
[
kFqEFq −m∗q 2 ln
(
kFq + EFq
m∗
q
)]
(39)
and where the Fermi energy of a proton (q = p) or a neutron (q = n) is EFq =
√
kFq
2 +m∗
q
2; kFq is the
Fermi momentum and m∗q = m−Γσ(ρ)Φσ−τqΓδ(ρ)Φδ is the Dirac effective mass of neutrons or protons;
τp = −1 while τn = +1. With these elements, one can calculate the energy density (E = EV = ρEA = ρe)
E(ρn, ρp) = 〈0|T 00|0〉 = 1
4
[3EFnρn +m
∗
nρ
s
n] +
1
4
[
3EFpρp +m
∗
pρ
s
p
]
+
1
2
[
m2σΦσ
2 +m2ωA
(ω)02 +m2δΦδ
2 +m2ρA
(ρ)02 +
g2
3
Φ3σ +
g3
4
Φ4σ
]
(40)
where the coupling constants Γ do not depend on the density and enter into the latter equation via the
meson-fields [cf. Eq.(38)].
Density dependent relativistic models. For these models the coupling constants Γ explicitly
depend on the density [69, 79]. The expression for the energy density is equal to that of the previous
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model but with no g2 or g3 term. In addition, only for the case of zero-range (or point coupling
models) the coupling constants should be redefined based on the heavy-meson mass approximation,
that is, Γi(ρ)
mi
→ αi(ρ) [80]. These type of models as well as the non-linear Walecka model have been
traditionally solved at the H level but HF calculations are also available [59].
In the case of relativistic models, the equations need to be solved numerically –due to the expression
of the scalar density– by fixing the neutron and proton densities. In addition, it is straight forward to
check the thermodynamic consistency of this theory by comparing the pressure as calculated through the
energy-momentum tensor with the thermodynamical definition: p = 1
3
∑3
i=1〈0|T ii|0〉 = ρ2[∂(e/ρ)/∂ρ]
and that the energy-momentum tensor is conserved ∂µT µν = 0 which implies that the four-momentum
is a constant of motion as expected.
The parameters of the nuclear equation of state defined in Eqs.(5) and (6) can be easily calculated
from the expressions above. Explicit formulas can be found in [60] for the Skyrme, [78] for the Gogny,
and [73] for relativistic models.
3.3 Linear response
The aim of this section is to give some basic definitions and concepts that may help the non-conversant
reader to better understand the results given in the following sections (for further details see, e.g., [20]
or [81]).
The linear response of a nucleus under the action of an external and time-dependent oscillating
field of the form F (t) = Fe−iωt + F †e+iωt, where the amplitude F is assumed to be small, will be
described. In the second quantization, one can write the operator F (t) assuming it is one-body as
F (t) =
∑
nm fnm(t)a
†
nam where a† and a are creation and annihilation operators acting on the HF
vacuum. Now the wave function of the system is time-dependent |Φ(t)〉 and a time-dependent one-
body density can be defined as ρnm(t) = 〈Φ(t)|a†man|Φ(t)〉. By working within the HF bases, ρnm will
correspond to a Slater determinant (with the property ρ2 = ρ) and, therefore, one will be extending
HF or the independent particle picture to its time-dependent version and one can refer to a time
dependent EDF [81]. As we have previously discussed, we assume that the density (and, therefore, the
HF single-particle potential) oscillates with the external field. Then, when the frequency ω is close to
the excitation energy of a nuclear excited state one will obtain a resonance such as a giant resonance
studied before.
Within these approximations, the one-body density will follow the time-dependent Schroedinger
equation that might be written in the operator form as [20],
i~
dρ
dt
= [h(ρ) + f(t), ρ] (41)
where h(ρ) is the HF single-particle Hamiltonian or field previously defined and we denote the HF
ground state density as ρ0, i.e., [h(ρ0), ρ0] = 0. It is important to note that ρ0 and h(ρ0) are diagonal
in the HF basis. For a small perturbation, the density is linear with the external field and could be
written as,
ρ = ρ0 + δρ(t) where δρ(t) = δρe−iωt + δρ†eiωt , (42)
and δρ is the so called transition density δρnm = 〈0|a†man|ν〉 between the ground state |0〉 and an excited
state |ν〉. Inserting now Eq.(42) into Eq.(41) and keeping the terms linear in f ,
i~
dρ
dt
= [h(ρ0), δρ] +
[
∂h
∂ρ
δρ, ρ0
]
+ [f, ρ0] . (43)
Particle-particle (pp) and hole-hole (hh) matrix elements will be zero by construction17 and only particle-
hole (ph) or hole-particle (hp) matrix elements will contribute. Eq.(43) leads to the so called Random
17Due to the Slater approximation, it can be seen by imposing ρ2 = ρ.
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Phase Approximation (RPA) if one assumes a zero amplitude of the external field; and as long as
the antisymmetrized effective interaction (V¯ ) employed to solve the HF equations is equal to V¯ qq′ =
∂hq
∂ρq′
= ∂
2EHF
∂ρq∂ρq′
where q denotes neutrons or protons. The latter expression is very important in nuclear
physics since it allows for the implementation of density dependent forces in the RPA approximation.
The eigenvalues and eigenvectors obtained by solving the RPA equations give access to the excited
spectrum and, thus, one can explicitly evaluate the strength function [Eq.(14)] as well as the different
sum rules [Eq.(15)]. Such an approximation has been shown to be successful in the description of giant
resonances.
Recently, a practical method for solving the RPA equations has been proposed in Ref.[82] and
successfully applied to different nuclear effective models. This method is known as Finite Amplitude
Method (FAM) that allows for an RPA calculation with a simple extension of a HF ground state
calculation. This is very convenient from the numerical point of view. For details, we refer the reader
to the original reference.
3.4 Statistical theoretic errors
Most of the nuclear models available in the literature omit theoretical error estimations. This gives a
limited reliability on its predictions. When proposing a model, one usually tries to adopt the simplest
possible model with a minimal number of the effective interaction terms and associated parameters.
Although adding more parameters may improve the quality measure 18 it does not always mean that
the overall quality of the fit has been improved. As a simple example, when adding a new term to
the model, it can happen that large changes are produced in already existing parameters. This is a
clear signature that the model with the new parameter is introducing uncontrolled and/or unphysical
correlations and, thus, error estimation in the predictions will not be reliable either. This problem is
very important in order to meaningfully constrain the parameters of the EoS.
It is important to mention that there exists also the uncertainty associated to the choice of the
model: the systematic uncertainty. In the absence of an exact EDF for finite nuclei, systematic uncer-
tainties associated to a given prediction can only be estimated by comparing different kinds of nuclear
EDFs, or nuclear models more in general. This is part of the scope of this review and the comparison
between models will be essential in the following sections. As an example, in Ref.[61], statistical and
systematic uncertainties in nuclear masses were investigated within a set of different parameterizations
of the Skyrme EDFs finding that systematic uncertainties govern the total uncertainty for the studied
observables.
Coming back to statistical uncertainties and correlations, there are several strategies one can follow.
Here, we will briefly overview the covariance analysis that allows to study the statistical errors within
a given model as well as the correlations between parameters and between observables such as those
derived (analytically) from macroscopic models in the previous section. More details on the covariance
analysis can be found in Refs.[83, 84].
3.4.1 Covariance analysis
Consider a model characterized by n parameters p = (p1, ..., pn). Those parameters define the model
space and are usually coupling constants of an effective model. Observables (O) are, therefore, functions
of the parameters O(p). Hence, the assumption of a model implies correlations between computed
quantities.
χ2 definition. The χ2 defines a quality measure and is commonly used in information theory. In
low-energy nuclear physics, as in many other fields, it has been exploited in the calibration of theoretical
18e.g. the χ2 value or the root mean square difference between experimental data and model predictions.
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effective models such as EDFs. In the latter case,
χ2(p) =
m∑
ı=1
(Otheo.ı (p)−Oref.ı
∆Oref.ı
)2
(44)
where “theo.” stands for calculated values, and “ref.” may refer to experimental, observational and/or
pseudo-data that sometimes is used as a simple way to guide the models. The use of derived, not directly
observable, pseudo-data should be understood as a temporary benchmark never substituting real data
and just helping model extrapolations. It, therefore, influences the value of the quality measure and the
results should be taken with great care. ∆Oref. stands for the adopted errors. In principle, this quantity
should stand only for the experimental standard deviation σexp, however, such a choice is not realistic
since the error of the model σtheo is, in most of the cases in nuclear physics, larger than the experimental
one. Therefore, ∆Oref. should be chosen to be equal to σexp + σtheo. The value of σtheo is unknown a
priori. It can be fixed for each type of observable by imposing χ2(p) = 1 at the optimal value of p (see
below). This type of situation will guide model extrapolations, commonly leading to a semi−objective
construction of the χ2. In addition, there exist huge amount of data that, if fitted, would require a
high computational cost. Being part of the data redundant for the fitting of the parameters19, some
freedom exists in choosing a convenient set of Oref.ı and ∆Oref. that may characterize the nucleus. So
practitioners use to “equilibrate” different terms in the χ2 according to their physical understanding of
the model and to the final purpose of the fit.
Parameters and observables. Assuming that the χ2 is a well behaved function of the parameters
around their optimal value p0: ∂pχ2(p) |p=p0= 0; and that near the minimum can be approximated by
a Taylor expansion up to the second order in the parameter space; one finds
χ2(p)− χ2(p0) ≈ 1
2
n∑
ı,
(pı − p0ı)∂pı∂pχ2(p − p0) , (45)
the curvature matrix,Mij ≡ ∂pı∂pχ2. The estimate for the errors (e) on the fitted parameters can be
calculated as follows,
eı ≡ e(pı) =
√
(M−1)ıı ≡
√
Eıı , (46)
where the covariance (or error) matrix E has been defined. It is clear from this definition that if the
curvature matrix around the minimum takes a large (small) value along the pi direction, it means that
a small (large) change in this parameter will already produce a large (small) change in the value of the
χ2, that is, pi will be associated to a small (large) error. The covariance matrix can be used also to
study correlations. Actually, the correlation matrix (C) is defined as,
Cı ≡ Eı√EııE (47)
where Cı takes values form −1 to 1. Cı ≈ 1 indicates a large correlation and −1 a large anti-correlation
between parameters pı and p, respectively, while Cı around zero means that no correlation holds at all
between parameters pı and p. This indicates that both parameters are needed for the description of
the set of observables used for the fit.
To estimate the correlation between two predicted observables A and B, assuming a smooth behavior
when evaluated around of the optimal parameterization,
A(p) = A(p) + (p− p0)∂pA(p) |p=p0
≡ A0 + (p− p0)A0 , (48)
19For example, there is no need to fit the more than two thousand measured masses to obtain a good parameterization
of the model.
26
and the same for B, one needs to estimate the covariance between them (CAB). This calculation leads,
within the approximations adopted so far and assuming that χ2(p)− χ2(p0) = 1, to
CAB ≈
n∑
ı
∂A(p)
∂pı
∣∣∣∣
p=p0
Eı ∂B(p)
∂p
∣∣∣∣
p=p0
. (49)
The root square of CAA estimates the error in A and the correlation between A and B can be estimated
by the the Pearson-product moment correlation coefficient as,
cAB ≡ CAB√
CAACBB
. (50)
cAB = 1 means complete correlation between observables A and B, −1 means complete anti-correlation
and cAB = 0 means no correlation.
3.4.2 Examples
In the following, we will examine different examples on some correlations of interest for the EoS as
predicted by different EDFs of common use in nuclear physics. This is important since it allows to better
understand and validate those correlations already discussed from a macroscopic perspective such as
the correlation of the neutron skin thickness, the IVGDR or the dipole polarizability with the symmetry
energy parameters; the excitation energy of the ISGMR with the nuclear matter incompressibility; or
the excitation energy of the ISGMR with the effective mass.
In Fig.8, absolute values of the Pearson-product moment correlation coefficients between different
finite nuclei observables and EoS parameters are shown as predicted by different EDFs. Observables
on GR refer to its excitation energy. Whenever not specified, finite nuclei observables refer to the
example case of 208Pb. Note that S2(ρ0) ≡ J . For a detailed information and definition on the different
quantities, we refer the reader to the original references [87, 89, 91], here we will just discuss some of
them in what follows. In the upper-left panel of Fig.8 are shown results obtained with the relativistic
non-linear Walecka model parameterization FSUGold 2 [85, 86]; in the upper-right panel are shown
results obtained with the Skyrme parameterization SV-min [88]; in the lower-left panel are shown
results obtained with the relativistic density dependent meson exchange parameterization DDME-min1
[90, 91]; and in the lower-right panel are shown results obtained with the Skyrme paramterization SLy5-
min [92, 91]. In all panels the lightest colors indicate strong correlation while dark colors indicate weak
correlation except for the upper-left panel in which the latter scale is inverted.
First of all, we can compare the correlations predicted by the different EDFs for the excitation energy
of the ISGMR in 208Pb (labeled as 208GMR, Ex(ISGMR) or GMR 208Pb in the different panels) with
the nuclear matter incompressibility (labeled as K0 or K) as it is suggested by the constrained energy√
m1/m−1 derived from the sum-rules [cf. Eqs.(27) and (31)]. It is quite evident that the correlation
coefficient is very high in all cases confirming our previous discussions. One could conclude then, that:
the excitation energy of the ISGMR (at least in 208Pb) determines the curvature of the symmetric matter
EoS around saturation. The question now is how accurately it can be determined. This question will
be answered by supplementing the statistical error with the systematic spread of values obtained by
calculations from different models for the quantity of interest. We will discuss this issue in more detail
in the following subsections. As an example on how to proceed is to confirm that all these models
are accurate in the overall description of bulk data in nuclei and, specifically, also accurate enough in
the description of the Ex(ISGMR) in 208Pb. The EISGMRx is predicted to be 14.00±0.36 MeV (SLy5-
min), 13.87±0.49 MeV (DDME-min1), 13.76±0.08 MeV (FSUGold 2) and 13.5±0.2 (SV-min) while
the experimental value is 14.2 ± 0.3 MeV [93]. Therefore, being compatible with experimental data
the SLy5-min, DDME-min1 and FSUGold 2 EDFs and knowing that K0 is predicted to be 230.5±9.0
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Figure 8: Absolute value of the Pearson-product moment correlation coefficients between different
observables for finite nuclei and EoS parameters as predicted by different EDFs. Observables on GR
refer to its excitation energy. Whenever not specified, observables for finite nuclei refer to the example
case of 208Pb. S2(ρ0) ≡ J . The meaning of the different quantities relevant for the discussion are given in
the text, for a detailed information on the other quantities, we refer the reader to the original references.
Upper-left panel: results obtained with the relativistic non-linear Walecka model parameterization
FSUGold 2 [85, 86] are shown. Figure taken from Ref.[87]. Upper-right panel: results obtained with
the Skyrme parameterization SV-min [88] are shown. Figure taken from Ref.[89]. Lower-left panel:
results obtained with the relativistic density dependent meson exchange parameterization DDME-min1
[90, 91] are shown. Figure taken from Ref.[91]. Lower-right panel: results obtained with the Skyrme
parameterization SLy5-min [92, 91] are shown. Figure taken from Ref.[91].
MeV (SLy5-min), 261±23 MeV (DD-ME-min1) and 238±2.8 MeV (FSUGold 2) one can say that K0
should lie between 220 MeV and 280 MeV (if no other model enlarges this range). This range is large
in comparison to the statistical uncertainties obtained from these functionals.
Next, one can consider the correlations between the excitation energy of the ISGQR (labeled
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Ex(ISGQR) or GQR 208Pb in the different panels) with the non-relativistic effective mass (labeled
as m∗/m). This quantity is connected to the single-particle properties of the model under consideration
and not to bulk properties but, to look at this correlation, may also serve to exemplify the relevance of
the covariance analysis. For the results shown in Fig.8, it is also clear that a large correlation is found
between the Ex(ISGQR) in 208Pb and the effective mass for the non-relativistic models20. This again
confirms our previous considerations from the simple HO model when non-relativistic and momentum
dependent forces are analyzed (such as the Skyrme one). As before, the Ex(ISGQR) is predicted to be
10.7±0.6 by SV-min and 12.6 ± 0.6 MeV by SLy5-min while, experimentally, it has been determined
to be 11.0±0.3 MeV [36] and, thus, only SV-min will be compatible. The effective mass predicted by
SV-min is m∗/m = 0.95± 0.15.
Let us now consider the excitation energy of the IVGDR (labeled Ex(IVGDR) or GDR 208Pb in
the different panels) and how it is correlated with the parameters J and L of the EoS (labeled also
as S2(ρ0) or asym and dρasym, respectively). Here the picture is not as clear as in the previous cases.
There is a large correlation of these two quantities for the DDME-min1 model, a modest correlation
for SLy5-min model and, finally, a low correlation when inspecting the SV-min model. As suggested
by the HO approach, this might be due to the fact that it is a combination of the asymmetry surface
(aAS that can be related with L within a local density approximation) and volume (aA that can be
identified with J) parameters leading this excitation energy. Therefore, one should be more careful
in this case since the connection of Ex(IVGDR) with the parameters of the nuclear EoS is not one to
one but, possibly, with a combination of J and L. Nevertheless, one can also compare the obtained
results with experimental data. For the Ex(IVGDR) it is found 11±5 MeV for SV-min, 13.9±1.8 MeV
for SLy5-min and 14.64±0.38 MeV for DDME-min1 while the experimental value is 13.25±0.10 MeV
[95]. Thus SV-min and SLy5-min are compatible with experimental data although SV-min is rather
unconstrained on the properties that determine Ex(IVGDR). The values of J and L for SLy5-min
are 32.60±0.71 MeV and 47.5±4.5 MeV, respectively. Summarizing, the information presented in this
subsection does not allow to understand the relation between Ex(IVGDR), J and L. However, the
macroscopic model presented in Sec.2, give us some hints that one may follow in order to unravel the
possible relation between this observable and the parameters of the EoS.
The dipole polarizability, proportional tom−1 of the IVGDR [labeled as polar. 208Pb orm−1(IVGDR)]
has been seen to be correlated to the ratio aAS/aA (or qualitatively to L/J). In Fig.8, the polarizability
is strongly correlated with J for DDME-min1 and SV-min and modestly correlated in the case of SLy5
while for L only DDME-min1 and SV-min show correlation. The situation here is similar to that of the
Ex(IVGDR): there is not enough information in what has been presented in Fig.8 that points towards
a one to one relation between m−1(IV GDR) and J or L. To further investigate m−1(IV GDR) or
Ex(IVGDR), one can explore trends inspired by macroscopic formulas using well calibrated EDFs (see
for example Ref.[96, 97]). This has been done in many papers and some light has been shed into the
relation of these observables with the parameters of the EoS (cf. Sec.6). Another strategy has also been
used by different groups with a similar scope. It is as follows, after obtaining an optimal parameteri-
zation, one may generate around slightly modified models by fixing some parameters of the EoS while
varying others. This might be useful because it allows to isolate the effect of changing one parameter of
the EoS into the rest of predictions of the model in a very systematic way. This is commonly referred
in the literature as generating a family of systematically varied interactions and it will be discussed in
the next subsection.
Finally, one of the most paradigmatic correlations in the recent years is that between the neutron
skin thickness in 208Pb –or the neutron rms radius since the proton rms radius is usually well fixed in the
fits– (labeled as R208n , skin 208Pb, or ∆rnp) and the slope parameter L of the symmetry energy. It was
20Note that the relativistic effective mass [94] is different from the non-relativistic effective mass. The latter coincides
with the one discussed in previous sections while the former does not.
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first reported in Ref.[98] and it is also seen in Eq.(3) if we assume, as before, that aAS/aA → L/J and
that the variation of J as compared to that of L can be neglected21. Looking at the predictions shown
in Fig.8, all the EDFs agree with the existence of such a correlation. One may conclude, therefore, that
such a correlation, justified from a macroscopic picture, is well founded since all microscopic EDF models
also agree with it. Specifically, the neutron skin thickness predicted by these models is 0.1655±0.0069
fm for SLy5-min, 0.20±0.03 fm for DDME-min1, 0.287±0.020 for FSUGold 2 and 0.17±0.13 fm for
SV-min. From the experimental side, there is a lack of accuracy in the determination of the neutron
skin thickness. For example, experiments using hadronic probes (∼ 0.15−0.2 fm) do not seem to agree
with the central value predicted by experiments using electroweak probes (∼0.3 fm) although their
error bars largely overlap. The predicted values for L are 47.5±4.5 MeV for SLy5-min, 55±16 MeV for
DDME-min1 and 112.8±16.1 MeV for FSUGold 2 (L was not reported for SV-min in Ref.[88]). There
is, thus, the need to better constrain this parameter of the EoS and the neutron skin thickness of 208Pb
seems to be a very good candidate if accurately and precisely measured.
As we will discuss in Sec.6, the excitation energy of the IVGDR and IVGQR among others as well
as the dipole polarizability are also good candidates to constrain the nuclear matter EoS parameters,
being related to a combination of J and L rather than to a one to one correlations as it happens in
good approximation for the neutron skin thickness.
3.5 Systematically varied effective interactions
Families of systematically varied interactions have been commonly used in the recent literature [80, 88,
99, 100, 101]. These families are commonly build as follows. After obtaining an optimal parameterization
of a given EDF, one fixes one parameter of the EoS at a time refitting the functional using the same
quality measure, e.g. χ2, used to find the optimal (unconstrained) parameterization. This might be
useful because it allows to isolate the effect of changing one parameter of the EoS into the rest of
predictions of the model in a very systematic way.
The usefulness of producing a family is exemplified in Fig.9 where SV-min is the optimal param-
eterization of the Skyrme functional used in this case. After that, SV-K parameterization fixes the
value of the nuclear matter incompressibility at different values different from the optimal one (i.e. that
predicted by SV-min); SV-m corresponds to a variation on the effective mass; SV-s on the symmetry
energy parameter J ; while SV-k on the isovector enhancement factor (or isovector effective mass). For
details on other models see Ref. [88]. The predictions of all these families for the excitation energy of
the ISGMR, IVGDR, ISGQR in 208Pb as well as the IVGDR in 16O are shown. The figure shows that
a variation on K0 produces a clear variation on Ex(ISGMR) leaving almost constant the value of the
other excitation energies corresponding to other multipolarities. Similarly, a change on m∗/m impacts
clearly on the ISGQR, as expected. The variation of the IVGDR in 16O with the effective mass indicates
that the Ex(IVGDR) in light nuclei might be more sensitive to the shell structure than in heavy nuclei
(cf. for the case of 208Pb that there is no variation with m∗). Finally, the variation of the Ex(IVGDR) is
most influenced by the isovector parameters J (labeled aasym) and K (the isovector enhancement factor
labeled as κ) as it could also be expected.
Hence, from this simple exercise, one can learn how the different parameters of the nuclear EoS
impact different observables when predicted by a given model. If this exercise is repeated for different
families of interactions based on different EDFs, one can have a more complete understanding on the
EoS parameters.
21For the models shown in Fig.8, the value of J is 30.7±1.4 MeV for SV-min, 37.62±1.11 MeV for FSUGold 2, 32.60±0.71
MeV for SLy5-min, and 33.0±1.7 MeV for DDME-min1 while L takes the values 112.8±16.1 MeV for FSUGold 2, 47.5±4.5
MeV for SLy5-min, and 55±16 MeV for DDME-min1 (L was not reported for SV-min in Ref.[88]).
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Figure 9: Excitation energy of the ISGMR, IVGDR, ISGQR in 208Pb as well as the IVGDR in 16O are
shown as predicted SV-min, some families of interactions based on SV-min: SV-K family correspond
to a variation of K0; SV-m correspond to a variation of m∗/m; SV-s to a variation of J ; and SV-k to a
variation of the isovector enhancement factor K. Other models are also shown. For further details we
refer the reader to the original work. Figure taken from Ref.[88]
4 Equation of State
Being the EoS [Eq.(4)] at the heart of any nuclear model, all experimental and observational data
sensitive to the nucleon degrees of freedom will be related to it. As already discussed in Secs. 2 and
3, there are specific observables that alone have the potential to put stringent constraints on the EoS.
The present review is devoted to what can we learn on the EoS from ground state and collective excited
states in finite nuclei. In Sec.2, we have seen that the equilibrium density of a finite nucleus estimated
by using a very simple model is approximately equal to
ρeq ≈ ρ0 + 3ρ0
K0
(
1− LI2 + 2aSA−1/3 − aC Z
2
A4/3
)
(51)
which means, that properties on finite nuclei and collective excitations (small perturbations to the
ground state or equilibrium density) will be sensitive to densities at and around ρeq. According to this
formula, the corrections to ρ0 are not large for a reasonable value of the parameters. This implies that
one should expect to probe the EoS from ground state and collective excited states in finite nuclei not
far from ρ0. This justifies the study of the parameters that characterize the EoS at and around ρ0 [cf.
Eqs.(4)-(6)],
e(ρ, δ) = e(ρ0, 0) +
1
2
K0(
ρ− ρ0
3ρ0
)2 +
[
J + L
ρ− ρ0
3ρ0
+
1
2
Ksym(
ρ− ρ0
3ρ0
)2
]
δ2 +O[ρ3] , (52)
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Figure 10: Left panel: experimental constraints for the symmetry energy parameters J ≡ Sv and L,
from the analysis of the neutron skin thickness, heavy ion collisions (HIC), astrophysical observations,
dipole polarizability, masses, isobaric analog state (IAS) and neutron matter studies of Gandolfi et al.
[112] and Hebeler et al. [113], denoted by G and H, respectively. For details on each analysis we refer
to the original work. Figure taken from Ref. [114]. Right panel: Values of K0 ≡ K∞ and Kτ calculated
from different EDFs. The vertical and horizontal lines enclose the experimental ranges as reported in
Ref.[97]. For details on the EDFs used we refer the reader to the same reference. Figure taken from
Ref.[97].
from models that accurately reproduce masses, radii, and collective excitations along the nuclear chart.
To be more quantitative, it has been seen that the symmetry energy of a heavy nucleus such as 208Pb
equals the symmetry energy of the infinite system, i.e. the EoS, at about 2ρ0/3 ≈ 0.1 fm−3 in EDFs[102].
Therefore, one may expect the latter density to be proben by the observables reviewed here among others
[103, 104, 105]. It is not the aim of this review to cover all of them. We will only mention, for the sake
of comparison, some illustrative results derived from neutron star observations and heavy ion collisions
without being exhaustive. Theoretical predictions coming from the ab initio approaches will also be
briefly addressed. The following section is thought to serve, in part, as a brief introduction to the main
constraints to the EoS that will be discussed in more detail in Secs.5 and 6.
4.1 Summary on available constraints on the EoS
Recent studies have taken care of collecting different constraints on the nuclear EoS. Most of them
have been concentrated on the symmetry energy parameters [103, 106, 107, 104, 108, 3] and some of
them to the nuclear matter incompressibility and Kτ ≡ Ksym − L(6 − K ′/K0) [see Eqs.(31 and (32)]
[109, 110, 102, 55, 51, 111].
Regarding the symmetry energy parameters, in Ref.[103], available results on laboratory experi-
ments and commonly used theoretical models have been overviewed and discussed. As a conclusion, a
constraint centered around J ≈ 32.5 MeV and L ≈ 70 MeV was given (errors where not estimated in
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detail). Later on, in Ref.[106] a compilation on experimental, theoretical, and observational analyses
lead to the ranges on the symmetry energy parameters 29.0 < J < 32.7 MeV and 40.5 < L < 61.9 MeV.
In Refs.[107, 3] two very systematic and complete studies on available constraints in the literature lead
to a global average of J = 31.6 ± 0.9 MeV and L = 58.9 ± 16.5 MeV (cf. Table 1 and 2 of Ref.[107])
and J = 31.7 ± 3.2 MeV and L = 58.7 ± 28.1 MeV [cf. Table II, Fig. 8 and text in Ref.[3]]. A recent
update [115] of Ref.[107], also taking into account nuclear excitations narrowed these values. Based on
last compilations (cf. references herein and within the previously quoted articles), one may conclude
that J is much better constrained than L by available experimental and observational data and that J
should be close to 31-32 MeV while L is very likely to lie within 30 and 90 MeV. As an illustrative ex-
ample, in Fig.10 from Ref.[114], some constraints in the J versus L plane are shown. Specifically, Fig.10
shows the experimental constraints coming from the analysis of the neutron skin thickness, heavy ion
collisions (HIC), astrophysical observations, dipole polarizability, masses, isobaric analog state (IAS)
and two theoretical neutron matter studies [112, 113] labeled as G and H. The reason to show the J
versus L plane is based on the positive correlation expected between them. It can be understood as
follws. The nuclear symmetry energy around an average nuclear density of 0.1 fm−3 is well determined
in effective models fitted to masses and charge radii as compared to the uncertainties in J and L. As
already discussed, S(ρ = 0.1fm−3) corresponds in good approximation to the symmetry energy of the
finite nucleus [102] and, hence, approximately to the LDM asymmetry term. Thus, from Eq.6 keeping
up to linear order in the density: S(ρ = 0.1fm−3) = J −L/8; that is J and L are expected to be linearly
correlated if higher order terms in the expansion of Eq.6 are negligible. By considering Fig. 8 one
can conclude that in all models, J and L are linearly correlated and, hence, the interest of showing the
correlations in such a way. We refer the reader to Secs. 5 and 6 for more details about recent constraints
on the EoS and symmetry energy based on ground and excitation properties in nuclei.
Regarding the parameters characterizing the curvature of the asymmetric matter EoS at saturation
density, there is consensus on K0 = 240 ± 20 MeV [109, 116, 117] from the analysis of the ISGMR in
closed shell nuclei such as 208Pb. Recent analysis on available open-shell nuclei points toward a larger
range of possible values quoting 250 < K0 < 315 MeV [51] or slightly smaller central value that would
be closer to 200 MeV [118]. So there is still some controversy about this parameter. As long as Kτ
is regarded, there is much less experimental information. An analysis of the neutron skins of different
nuclei from anti-protonic atoms (those in Fig.3) lead to Kτ = −500+120−100 MeV [102] which is in reasonable
agreement with analysis of the ISGMR in Sn isotopes Kτ = −395±40 MeV [110] and Kτ = −550±100
MeV [55] and the ISGMR in Cd isotopes Kτ = −555± 75 MeV [111]. The overall analysis made in [51],
reported a range −840 < Kτ < −350 MeV. As an additional example, we show in Fig.10 the values of
K0 and Kτ as calculated from different EDFs and compare them with the experimental ranges (vertical
and horizontal lines) as reported in Ref.[97].
In addition, we would also like to highlight here a study where the density behaviour of the EoS
was derived form heavy ion collisions [119] where matter can be compressed in a very short period of
time to a very high densities only reachable in nature in compact stellar systems such as neutron stars.
Therefore, such experiments probe the EoS at different densities than those probed by experiments
measuring giant resonances, masses or nucleon distributions. Such type of studies, might be very useful
for a better characterization of the nuclear EoS. We will not discuss this analysis here since it goes
beyond the scope of the present review. However, for the sake of completeness we show in Fig.11 the
experimental constraints (depicted as bands) derived from such work on the symmetric matter EoS
(left panel) and neutron matter EoS (right panel) compared with some theoretical calculations. In this
figure the pressure instead of the energy per particle is shown which at zero temperature contains the
same information. For details on the models shown in the figures, we refer the reader to the original
reference [119]. It is interesting to note for the purpose of this section that the experimental bands
would be compatible with incompressibilities ranging from 210 < K0 < 300 MeV as it can be seen
in the left panel (green and magenta solid lines). In the right panel some external constraints on the
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Figure 11: Zero-temperature EOS (pressure as a function of density) for symmetric nuclear matter
(left panel) and neutron matter (right panel). The shaded region corresponds to the region of pressures
consistent with the experimental data. The different curves correspond to the prediction of different
models. For details on these models we refer the reader to the original reference. Figures taken from
Ref.[119].
symmetry energy were imposed in order to derive the two bands corresponding to limiting cases for the
value of J of about 30-35 MeV (cf. Refs.[119, 120]).
4.2 Model predictions
In this section we overview some of the latest works based on different theoretical frameworks that
address the problem of studying the nuclear EoS. This will give the reader a richer idea on the systematic
theoretical errors discussed so far.
4.2.1 Ab initio models
In low-energy nuclear physics, we refer to ab initio approaches to all models that fit the nuclear effective
potential from few-body data and, then, solve the many-body problem based on a given many-body
method that will commonly be approximated. Some examples on nuclear effective potentials fitted to
nucleon-nucleon scattering data in the vacuum are the Paris, Argonne, Bonn [123, 124, 125] or chiral
effective potentials [126, 127]. There are also efforts in deriving the nuclear strong interaction directly
from QCD [128]. Therefore, the term ab initio should be understood in a very broad and flexible way.
The relevance of these type of models is that they constitute our unique bridge between hadron physics
(or QCD) and low-energy nuclear physics. Hence, ab initio EoS are thought to represent our best
attempt to better understand the underlying physics of the nuclear problem.
The first ab initio studies of nuclear matter were based on the Brueckner approximation within the
Brueckner or Dirac-Brueckner Hartree-Fock (BHF or DBHF) and within variational approaches. The
current status in the EoS established within these models are shown in Fig.12 (left panel) [121]. The
difference in the results can be seen not only if two-body (black) forces or two plus three-body (red)
forces (TBF) are employed but also if relativistic (green) or non-relativistic (black and red) frameworks
are adopted. A similar situation is extensive also for other ab initio approaches (cf. Fig.4 of Ref.[129]
or Fig.4 of Ref.[130]).
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Figure 12: Left panel: Brueckner and Dirac-Brueckner Hartree-Fock calculations for the symmetric
matter EoS as a function of the density. Figure taken from Ref.[121]. Right panel: unitary gas bound
compared to some ab-initio calculations for pure neutron matter EoS as a function of the density. See
text and Ref.[122] for details. Figure taken from Ref.[122].
In Fig.12 (right panel), unitary gas lower bound on the pure neutron matter EoS [122] is compared
to some state-of-the-art ab initio calculations based on different interactions and many-body methods
(see original reference for details). Most of these models respect the lower bound due to repulsive three-
body forces and show discrepancies between them of few MeV at saturation density. This agrees well
with the uncertainty derived from phenomenology on the value of J . At the moment, knowledge on the
EoS from ab initio, that is, from realistic potentials is limited. Taking this warning into account, one
can inspect recent results on the neutron matter EoS from Refs.[112] labeled as G in Fig.10 or labeled
as H in the same figure [113]. Those results are very narrow as compared to other estimations for the
values of J and L coming from different experimental analysis but nicely overlap with them.
4.2.2 Macroscopic-microscopic models
Macroscopic-microscopic (mac-mic) models are phenomenological models that have been devised to
reproduce as accurately as possible nuclear masses. Indeed, those models are the most accurate in
the literature displaying root mean square deviations with respect to experimental masses of only few
hundreds of keV (300-600keV) [131, 132, 133, 134, 135, 136]. Opposite to ab initio approaches, mac-
mic models can be applied to the study of nuclear masses, deformations, radii, etc. along the whole
nuclear chart. The disadvantage is that any connection with a more fundamental theory such as QCD
is completely lost and that macroscopic and microscopic terms are not derived based on the same
theoretical grounds.
The main idea behind mac-mic models is that masses can be already qualitatively well understood
from a macroscopic picture. If this picture is later complemented by the addition of “small” microscopic
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Figure 13: Symmetric nuclear matter (left panel) and symmetry energy (right panel) as a function of
ρ0. Predictions of three different covariant models are shown. The FSU2 model contains an estimate
of the statistical theoretical errors. Figures taken from Ref.[86].
effects (shell corrections and pairing energies), mac-mic models become a quantitative approach to
nuclear masses. As we have already discussed, masses provide information on the nuclear EoS such as
the saturation energy of symmetric nuclear matter or the symmetry energy around saturation. This is
why the input from this type of models will be of relevance in studying the nuclear EoS. In this sense
the difficulty is to extract from these models some of the parameters defined in Eqs.5 and 6. In Ref.[137]
this has been done for two mac-mic models, giving as a result (cf. Table II of the original reference):
e(ρ0, 0) = −15.494± 0.004 MeV, K0 = 230± 11 MeV J = 29.2± 0.2 MeV and L = 41.6± 7.6 MeV for
the model of Ref.[133]; and e(ρ0, 0) = −15.583± 0.007 MeV, K0 = 235± 11 MeV, J = 29.7± 0.3 MeV
and L = 51.5 ± 9.6 MeV for the model of Ref.[136]. The relevant information here is that regardless
of the reliability of the attached errors that will depend on the way they were extracted, the values
predicted by mac-mic models seem to be in consonance with the predictions from other type of models.
4.2.3 EDFs
Energy density functionals are commonly based on effective Hamiltonians solved at the mean-field
(Hartree or Hartree-Fock) level. These types of models are fully microscopic and essentially different
from the ab initio models in what follows. The EDFs are fitted to many-body data (and no to few-body
data) requiring self-consistency between the HF solution and the experimental data on finite nuclei. The
performance of these models on the description of bulk properties of nuclei such as density distributions,
masses, deformations or the excitation energies of giant resonances along most of the nuclear chart is
remarkable taking into account the theoretical and numerical simplicity of the approach. Since the
nucleus is not a pure mean-field system, the weakness of EDFs derived from a HF calculation is that the
parameters of the model will contain many-body correlations that go beyond the mean-field approach
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adopted and, thus, the connection with any realistic nucleon-nucleon or three nucleon interaction is
lost. Therefore, extrapolations of the EoS toward the densities not probed by the data used in the fit
should be taken with great care.
Over the past years, the parameters characterizing the EoS around saturation density have been
extensively discussed[56]. Two recent and quite complete references are [60] where 240 Skyrme func-
tionals were analyzed and [73] where a similar study was made for 263 relativistic mean-field models of
different types. In table II of Ref. [60] and Table VII of Ref.[73] most of the relevant parameters of the
nuclear EoS at saturation for those models (> 500!) are given. Specifically, in Refs.[60, 73], the analysis
consisted in imposing some empirical constraints on the EoS to be fulfilled by the models giving a list
of well behaved EDFs as a result. The selection of used empirical constraints as a filter for all models
might be misleading or at least controversial: not all constraints are of the same nature and theoretical
systematic errors coming from the modelization of the strong interaction needed for the analysis of
experimental data dealing with strongly interacting probes is not always realistically assessed. Proof
of this is that some models considered by the authors to give the optimal nuclear matter properties
(non-observable) are known not to be as accurate as other non selected models in the description of
masses or charge radii (observables). This situation should foster such type of global studies but for
the case of observable quantities in order to better constrain the nuclear EoS [138]. That is, going from
successful models in the description of observables to the EoS is a well defined and safe strategy while
ensuring reasonable parameters of the EoS do not necessarily lead to a good reproduction of the data on
finite nuclei. Note that this situation will be very different if exact ab initio calculations were available
as in condensed matter physics.
From a different perspective, in Ref.[139], the global performance of some state-of-the-art covariant
EDFs on some nuclear observables was analyzed. The authors focused on binding energies, deformations,
charge radii, neutron skin thicknesses, among other quantities. That is, observable quantities were used
to qualitatively assess the reliability of the models. Some comparison with non-relativistic Skyrme
functionals is also provided. In a different work [140], a Skyrme EDF was presented together with
an exhaustive evaluation of statistical theoretical errors. The confidence ellipsoid labeled as “Masses”
in Fig.10 where the L versus J correlation is shown comes from this study. Although masses give
some information on the symmetry energy parameters, it still remains an open question whether the
isovector properties of EDF’s can accurately be defined from masses alone. Proof of this is that the
plotted ellipsoid only contains the information on the above mentioned correlation as predicted by a
single model –no systematic errors were evaluated– and it does not allow to provide a narrow window
for the values of L. In Ref.[86], a covariant model (FSU2) was proposed including also a careful analysis
of the statistical errors. Such a model was fitted to reproduce different properties of finite nuclei and
neutron stars. In Fig.13 the symmetric matter EoS (left panel) and the symmetry energy (right panel)
as a function of ρ/ρ0 are shown. Predictions of two other covariant models (NL3 and FSU) of common
use are also shown for comparison. The FSU2 model contains an estimate of the statistical theoretical
errors. In the figure it is evident that the model cannot be applied with confidence in isospin asymmetric
systems at high density. A similar situation is found for other types of EDFs and in ab initio calculations.
The authors of this work conclude that also at normal densities there is still a meaningful constraint
missing in the isovector sector (cf. Table IV in Ref.[86] where the error in L is larger than 15 MeV
and where the values predicted by FSU2 for J and L are very large as compared to the other EDFs of
common use in the field).
Some efforts have been devoted to refine existent EDFs in order to build a universal functional
[61, 141, 62] that can be regarded to be as accurate as mac-mic models in the description of masses. This
has only been achieved by the model presented in Ref.[62] and in subsequent refinements. To pursue such
an accuracy from a purely microscopic model might be instrumental in the study of unexplored areas
of the nuclear chart and might also be very informative: first because they provide an understanding
of nuclear masses from a consistent microscopic point of view (shell effects and the bulk part of the
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functional are consistent, opposite to what happens in mac-mic models); and, second, because the EDF
theory is rooted on the Hohenberg-Kohn theorems that ensure the existence of an exact energy density
functional (and, therefore, one may learn how to approach to such an exact functional or if is it possible).
There has also been some effort in building EDFs inspired by DFT developed in condensed matter
physics where the EoS is based on ab initio calculations. In the nuclear case, the latter calculations are
not as accurate as in Coulomb systems but, in this way one may fix an important part of the functional
by more fundamental calculations and learn if EDFs are compatible with them and, at the same time,
with experimental data on finite nuclei. This is a way to test both EDFs and ab initio results on the
EoS. Such a strategy has been adopted in Refs.[75, 142, 71] and it seems to be feasible as long as the
ab initio EoS is fitted within some errors and not exactly fixed –this is mainly related to the fact that
ab initio approaches do not exactly saturate at the empirical values.
Finally, with a more phenomenological perspective, other types of the EDFs have been proposed
[143]: the starting point is an EDF parameterized directly with the parameters of the nuclear EoS [as
in Eqs.(4)-(6)], and where a phenomenological surface term that can account for the properties of finite
nuclei is added. Such an strategy has been shown to be successful although the information content of
the nuclear observables used in the fit are not able to constrain the parameters of the EoS (cf. Table I
of Ref.[143]). So, as expected, this strategy is equivalent to a direct fit of the parameters of the nuclear
effective interaction as it is commonly done in EDFs.
5 Ground state properties
Nowadays, EDFs represent the only approach that consistently and microscopically can address the
description of ground state and excited state properties in nuclei along the nuclear chart and of the
EoS. In this section some representative results that impact omn the EoS properties around saturation
on masses and rms radii from the neutron and proton density distributions will be given. For the case
of masses, some mac-mic model results will also be presented for comparison since these models are
the most accurate in describing nuclear masses. Finally, in this subsection, we will focus on the overall
performance of EDFs not discussing in detail effects such as shell effects or deformations among others.
This is because the EoS properties should not be influenced by such effects.
5.1 Nuclear masses
Figure 14 shows the mass differences (or residuals) as a function of the neutron number for the mac-mic
model [FRDM(2012)] of Refs.[135, 144] (left upper panel); mac-mic model [WS3] of Ref.[145] (right
upper panel); Skyrme model [HFB24] of Ref.[62] (left lower panel); and relativistic density dependent
point coupling model [DD-PC1] of Ref.[80] (right lower panel). EDFs and mac-mic models are based
on different theoretical grounds. Nevertheless the accuracy in the prediction of nuclear masses is of
the same quality when comparing FRDM(2012) and HFB24, both containing a similar number of
constants to be determined from experiment (cf. Table1). The mac-mic model WS3 (and newer version
WS4[136]) is giving the best description of nuclear masses, reducing the arch structure in the residuals
that is clearly present in all the other models, indicating that some physics is missing in such models22.
Finally, the most accurate relativistic EDF model in the description of nuclear masses has been shown
to be the point coupling model DD-PC1 [139]. Opposite to most of available EDFs, this model was
fitted to reproduce the binding energy of well deformed nuclei (most of the known nuclei are deformed).
Deformed nuclei have also been used in constraining non-relativistic functionals, e.g., in Ref. [142]. In
addition, EDFs based on the mean-field approach are more suitable for the description of not light,
open-shell and deformed nuclei since correlation energies that go beyond the mean-field are only due
22Residuals of an exact model should follow a gaussian distribution if an histogram is constructed.
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Figure 14: Mass differences as a function of the neutron number for the mac-mic model [FRDM(2012)]
of Refs.[135, 144] (left upper panel); mac-mic model [WS3] of Ref.[145] (right upper panel); Skyrme
model [HFB24] of Ref.[62] (left lower panel); and relativistic density dependent point coupling model
[DD-PC1] of Ref.[80] (right lower panel).
to rotational energies (relatively easy to correct) while closed shell spherical nuclei contain relevant
correlations such as surface vibrations that goes beyond the mean-field approach and that are not easy
to incorporate [19, 146]. The non-relativistic interaction HFB24 also contained in the fitting protocol
deformed nuclei.
In Table1, the root mean square deviation with respect the experimental data on nuclear masses
(σM) of the models shown in Fig.14 and discussed above are given. Other details on the predicted
parameters of the EoS and the number of constants that compose each model are also included. The
Skyrme UNEDF1 [140, 141] functional has been added to the table since it constitutes one of the major
efforts to build a universal EDF–also fitted to deformed nuclear masses. From this table, one can observe
that UNEDF1 and DD-PC1 interactions have a relatively small number of parameters when compared
to the other models and that provide a less accurate description of nuclear masses (σM ∼ 2 MeV)
while the other models with a larger number of parameters reach a much better overall description
(0.3 MeV< σM < 0.6 MeV). Here a word of caution is important. Although having (adding) more
parameters in (to) a reasonable model may improve the quality measure (σM) it does not necessarily
mean that the model itself has a larger predictive power and, thus, provides more reliable extrapolations
[91]. On this regard, one of the most outstanding questions in physics, that has not been answered
yet, is related to the limits of existence of nuclei, i.e., to establish the so-called proton and neutron
drip lines where atomic nuclei will decay by the emission of a proton or a neutron respectively [61, 74].
Many studies have been devoted to such a question (see for example [61, 74]). The drip-line position
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is also shown (brown) together with its systematic uncertainty (orange). The inset shows the irregular
behavior of the two-neutron drip line around Z = 100. Figure taken from Ref.[61]. In the lower panel
a comparison of the estimated uncertainties in the definition of two-proton and two-neutron drip lines
obtained in relativistic (CDFT) and non relativistic (SDFT) EDFs is depicted. The blue shaded area
shows the overlap between them. The two-neutron drip lines obtained by mic-mac FRDM(1995) [147]
and Gogny (GDFT) EDFs [148] are shown by red and blue lines, respectively.Figure taken from Ref.[74].
is strongly affected by pairing correlations that make nuclei with even number of neutrons and protons
more bound than their odd counterparts. Therefore, the one particle emission drip line is reached
earlier than the two particle emission drip line. In Fig.15, the two neutron and proton drip lines have
been calculated by using different EDFs in order to estimate these limits of the nuclear landscape.
Specifically, in the upper panel [61] known (2012) even-even nuclei are shown. From those, stable
nuclei are depicted in black squares and radioactive ones with green squares. Mean value for the drip
lines and their uncertainties (red) as predicted by the studied models are also shown. The two-neutron
separation energy S2n = 2 MeV line is shown (brown) together with its systematic uncertainty (orange).
The inset shows the irregular behavior of the two-neutron drip line around Z = 100. In the lower panel
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Table 1: Example of different model predictions on some nuclear matter EoS parameters. Estimated
errors, when available, are reported within parenthesis and the overall relative variation is also given in
the last row. Number of total fitted parameters as well as root mean square deviation σM with respect
to the experimental masses are also given. See the text for details.
Model Type No par. ρ0 [fm−3] e0 [MeV] K0 [MeV] J [MeV] L [MeV] σM [MeV]
FRDM(2012) Mac-Mic 38a – −16.195 240 32.5(5) 53(15) 0.559b
WS4c Mac-Mic 18 – −15.583(7) 235(11) 29.7(3) 59(10) 0.298d
HFB24 EDF 30e 0.1578 −16.048 245.5 30.0 46.4 0.549f
UNEDF1 EDF 12 0.1587(4) −15.800 220.0 29.0(6) 40(13) 1.88g
DD-PC1 EDF 9 0.154 −16.12 238 35.6 113 2.01h
Rel. var. 3% 4% 9% 20% 80%
a 21 fixed from other considerations than fit to masses; b With respect to AME2003[149]; c Estimated properties[137]; d With respect to AME2012[150]; e Some of
them fixed manually [62]; f Only even-even nuclei with N,Z > 8 have been considered and compared with AME2003[149]; g Only even-even nuclei with N,Z > 8
have been considered; h Only even-even nuclei with Z ≤ 104 have been considered and compared to AME2012 [150].
[74] a comparison of the estimated uncertainties in the definition of two-proton and two-neutron drip
lines obtained in relativistic (CDFT) and non relativistic (SDFT) EDFs is depicted. The blue shaded
area shows the overlap between them. The two-neutron drip lines obtained by mac-mic FRDM(1995)
[147] and Gogny (GDFT) EDFs [148] are shown by red and blue lines, respectively. It is evident from
this figure that proton drip-lines, much closer to the stability valley due to the effect of the Coulomb
interaction, show much less spread in all calculations while neutron drip lines are less well determined.
This result is intimately connected to the fact that EDFs are not well constrained in the description of
systems with large neutron excess. That is, available data does not seem to contain enough information
to precisely determine the limits of existence of neutron-rich nuclei. A signature of this can also be seen
by inspecting the values for J and L as predicted by some of the most accurate models in the description
of nuclear masses presented in Fig.14 and Table1. In this table, all models predict a relatively narrow
band for the values for ρ0 (0.154 fm−3 < ρ0 < 0.159 fm−3), e0 (−16.2 MeV< e0 < −15.6 MeV) and K0
(220 MeV< K0 < 240 MeV) and a clearly larger band for the possible values of J (29 MeV< J < 35
MeV) and L (46 MeV< L < 113 MeV). These ranges are orientative, the spread (or lack of) in these
predictions give an idea on the sensitivity to fitted data–commonly masses and charge radii–of each one
of these parameters. In addition to this spread, statistical theoretical error bars (in Table1 are given
within parenthesis when available) may produce a further increase on the above discussed ranges. The
most sensitive parameter to the reproduction of masses is e0. In particular, the volume binding energy
grows with e0A, then if energy differences do also grow or decrease with A means that e0 has not been
correctly determined. In Fig.14 it is quite clear that all models show no slope of the mass differences
with the neutron number (it is the same when plotted against the total mass number). Therefore, it is
reasonable to assume that these state-of-the-art results provide the best estimation on the central value
of e0. Such range is, as reported above, −16.2 MeV< e0 < −15.6 MeV.
Next, as a quantitative example, the impact of each type of observable used for the fit of UNEDF1
[141] on some parameters of the nuclear EoS is shown in Fig.16. Focusing on the three first columns
on this figure (for further details see the original publication): saturation density (“ρ” same as ρ0);
symmetry energy at saturation (“asym” same as J); and slope of the symmetry energy at saturation
(“Lsym” same as L); one sees that the effect (weight) of masses (“Mass”) on these parameters is small.
The saturation density is mainly determined by experimental proton radii (“Proton radius”) included
in the fit while the symmetry energy parameters seem to be much more sensitive to fission isomer
excitation energies (“Fis. Isomer”). The latter information was included in the fitting of UNEDF1
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Figure 16: Sensitivity of the UNEDF1 interaction to different types of data entering the quality
measure (χ2). Figure taken from Ref.[141]
.
interaction because the authors aimed to produce a model optimized for fission. On the one hand, this
information does not tightly constrain J nor L (statistical theoretical errors are large, see Table1) and,
on the other hand, the experimental determination of fission isomer excitation energies [151] depends
on a model dependent analysis for which systematic errors might be also large.
Finally, it is important to mention that some observations on neutron stars such as the mass and
radius will have impact on the nuclear EoS [152, 153]. However, the unknowns on the structure and
composition of a neutron star–mostly on the inner core but not only–prevent us to put stringent con-
straints on the EoS. It seems, however, that for sufficiently light neutron stars (∼ 0.5M), the neutron
matter equation of state at normal densities might be constrained in a more transparent way (see [154]
and following subsection). In connection with nuclear masses, there exist also indirect observational
data, for example, on crustal modes in strongly magnetized neutron stars that may be influenced by
the composition and structure of the neutron star crust (see e.g. [155] or [156]). Regarding the outer
crust, it is believed to be made of fully equilibrated matter where ionized neutron rich nuclei form a
Coulomb crystal embedded in an electron gas [157]. The main unknown in such a model corresponds to
the binding energy of neutron rich nuclei present in the lattice. Part of the nuclei believed to be present
in the outer crust have been already measured in the laboratory. However, experimental information is
not sufficient to provide a full prediction for the composition of this neutron star outermost layer and
one should rely on model predictions. This has fostered experimental studies on mass measurements of
exotic nuclei. In Ref.[158] the mass of 82Zn was measured for the first time and the composition of the
outer crust was altered with respect to previous model predictions and constrained by experimental data
deeper into the crust than before. Then, if convenient astrophysical observations are clearly identified,
the mass of very neutron rich nuclei not reachable in earth laboratories might eventually be inferred
and, thus, model predictions on masses far from the stability valley constrained.
5.2 Nuclear radii
In this section, the focus is put on one of the main bulk properties in nuclei: its size. Specifically,
the nuclear size is customary studied in terms of the second moment of the corresponding density
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Figure 17: Electric charge radius differences as a function of the mass number for the Skyrme model
[HFB24] of Ref.[62] (left panel); and relativistic density dependent point coupling model [DD-PC1] of
Ref.[80] (right panel).
distribution of a nucleus in its ground state
〈r2q〉 =
∫
drρq(r)r
2 (53)
where q = n, p indicate neutrons or protons. This quantity is also referred as the root mean-square
(rms) radius of neutrons or protons. Also the total matter density (ρn + ρp) have been studied via the
matter rms radius. In previous sections, we have seen that measured proton radius essentially constrain
the possible values of the nuclear matter saturation density ρ0. On the other side, it has also been
discussed that the neutron skin thickness (or equivalently the neutron rms as long as the proton rms is
known) of a heavy nucleus correlates well with the symmetry energy and its density dependence around
saturation density. Here, more details on microscopic calculations will be given. As in the previous
section, the EDFs are our basic tool to consistently access at the same time nuclear distributions and
the EoS parameters. Results based on other theoretical frameworks will also be given for comparison.
5.2.1 Proton density distributions
Elastic electron (and muon) scattering off nuclei is a model independent technique to investigate the size
and shape of stable nuclei [159, 16, 160] and unstable nuclei [161, 162, 163]. This is because electrons
interact via the electroweak interaction with the nucleons. Being the weak charge density of the nucleus
much harder to probe23, experiments on elastic electron scattering off nuclei safely neglect such a
contribution. If the energy of the incident electrons is high enough (hundreds of MeV), they become an
optimal probe of the internal structure of nuclei. Specifically, the analysis of electron-scattering data
provides information about the electric charge distribution in atomic nuclei. Since the proton is not
an elementary particle, in order to extract the proton distribution one needs to rely on single-proton
electromagnetic form factors. The determination of the latter is accurate enough for the purpose of
studying the proton distribution in nuclei. Magnetic effects and neutron contributions to the electric
charge distribution can also be accounted for. Specifically, the proton rms radius can be written in
good approximation, assuming HF single-particle orbitals ρq(r) =
∑
nljq vnljqφ
∗
nljq(r)φnljq(r) where vnljq
23The weak neutral current interaction is mediated by the Z0 boson while the electromagnetic interaction is mediated
by the photon. As an example, for 1GeV electron beam scattered by a 208Pb target at forward angles, 1 electron out of
106 interact via the weak interaction exchanging a Z0 boson with a neutron instead of a photon with a proton.
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Figure 18: Elastic differential cross section (DCS) for electron scattering on 16O, 90Zr, and 208Pb as a
function of the scattering angle θ, at the electron beam energies shown (left most panel). The results
from the EDFs indicated in the legend are compared with the measured DCS. For details see Ref. [164],
figure taken from the same reference. Experimental elastic proton-nucleus scattering DCS [panel (a)],
analyzing power [panel (b)] and extracted neutron density of 208Pb with error envelope [panel (c)]. The
dashed and dash-dotted lines are theoretical calculations including medium effects and realistic proton
density distributions. Figure taken from [24].
represents the occupation number, as
〈r2p〉 ≈ 〈r2ch〉 − 〈r2〉prot −
N
Z
〈r2〉neut − 1
Z
(
~
M
)2∑
nljq
vnljq(2j + 1)µq〈σ · l〉 (54)
where nlj follow the usual notation for the principal, orbital and total angular momentum quantum
numbers, respectively; σ are the spin Pauli matrices; µq corresponds to the magnetic moment of a
neutron/proton (µp = 2.793 and µn = −1.913 in units of the nuclear magneton); and 〈r2〉1/2prot =
0.8783(86) fm and 〈r2〉neut = −0.1149(27) fm2 are the single-proton/neutron electric rms and mean
square radii respectively [18]. The last term in Eq.54 is the electromagnetic spin-orbit effect. It is
customary in available EDFs to adopt as a recipe 〈r2p〉 = 〈r2ch〉 − 0.82[fm2] since the expected global
accuracy of the EDFs in the description of charge rms radii in nuclei is of the order of a few % and the
latter approximation will not affect the overall accuracy, at least for medium and heavy mass nuclei.
In Fig.17, the electric charge radii deviations with respect to the experiment are shown for two of
the models that are within the most accurate in the description of nuclear masses. It is remarkable
that DD-PC1 with much less parameters than HFB24 is able to reproduce charge radii at the same
level of accuracy. Indeed, both show an overall relative deviation from experiment which is below 1%
and an rms deviation for nuclei with N and Z larger than 8 of σrch = 0.025 fm for HFB24 and of
σrch = 0.028 fm for DD-PC1. Assuming that δrch ∼ 1 % in well calibrated EDFs, this implies δρ0 ∼ 1
% if one implements the simple relation 〈r2〉 ∼√3/5r0A1/3 where r0 ≡ (3A/4piρ0)1/3. This result is of
the same order found in the presented EDFs, that is, around a 3% error in ρ0 (cf. Table1). Since ρ0
is very sensitive to proton radii (charge radii), it is quite reasonable to assume the spread of this two
state-of-the-art models in the prediction of ρ0 as the best estimate from EDFs for the central value of
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the saturation density of nuclear matter (note that statistical theoretical errors have not been estimated
for HFB24 and DD-PC1). The resulting range is, 0.154 fm−3 < ρ0 < 0.158 fm−3.
Regarding stable nuclei, in the left most panel of Fig.18, elastic differential cross section (DCS) is
shown for electron scattering on 16O, 90Zr, and 208Pb nuclei as a function of the scattering angle θ, at
several hundreds of MeV electron beam energies (indicated in the figure). The results from the EDFs
(G2, FSUGold, DD-ME2 and SLy4) indicated in the legend are compared with the measured DCS (see
Ref. [164] for further details). This figure shows the accuracy of the EDFs in describing the experimental
DCS and, in direct connection, the electric charge distribution in stable nuclei. Data is reproduced in
most cases up to the first minimum, thus ensuring a good reproduction of the so called “sharp radius”
which identifies the mean position of the surface. In some cases, the description is very good also for
larger scattering angles, providing the information on the surface fall off of the density. Both quantities
together are essential to properly reproduce the experimental charge rms radius. Theoretical studies
on elastic electron scattering by exotic nuclei [164, 165, 166, 167, 163] have recently been fostered by
projects such as SCRIT [161] or ELISe [162].
Finally, in a very recent work [168], the charge radius difference in mirror nuclei has been postulated
as a model independent observable that is very sensitive to neutron matter EoS and, in particular, to
the slope of the symmetry energy around saturation. Keeping in mind that the neutron skin thick-
ness of a medium-heavy or heavy nucleus is related to the L parameter (cf. Fig.17), this correlation
might be understood as follows. Assuming exact isospin symmetry (EIS) in nuclei, one can write that
∆rEISnp (N,Z) = 〈r2n(N,Z)〉1/2 − 〈r2p(N,Z)〉1/2 = 〈r2p(Z,N)〉1/2 − 〈r2p(N,Z)〉1/2. Considering now that
the electric charge rms radius can be written in good approximation as 〈r2ch〉 = 〈r2p〉 + 0.82[fm2] (see
previous discussion), one finds that, in exact isospin symmetry, the neutron skin thickness of a nucleus
with N neutrons and Z protons should correlate with the difference between its charge radius and the
charge radius of its mirror nucleus: ∆rEISnp (N,Z) = 〈r2ch(Z,N)〉1/2 − 〈r2ch(N,Z)〉1/2. Isospin symmetry,
however, is broken in nuclei. The leading isospin symmetry breaking (ISB) term is due to the Coulomb
interaction but also the neutron-proton mass difference or ISB terms in the nuclear strong interaction
contribute. In Ref.[168] it has been shown on the basis of different EDFs that the correlation holds
also when the Coulomb interaction is taken into account. So it has to be confirmed that other ISB
terms do not spoil this relation. If this is confirmed, the challenge is to individuate nuclei and its mirror
counterpart that have been (or could be in the future) accurately measured. It is important to note,
that the physics behind the differences in the charge radii in mirror nuclei is related to the physics of
the Isobaric Analog State excitation energy (see Sec.6) [169]. The advantage of this other observable is
that has been accurately measured in many nuclei [170].
5.2.2 Neutron density distributions and neutron skin thickness
The experimental determination of neutron density distributions is limited even for stable nuclei. As
the neutron total electric charge is zero, neutron densities have been probed mostly by using strongly
interacting particles [174, 24, 175] and nuclear effects in exotic atoms [176, 177]. Even if some of these
experiments report small errors, all hadronic probes require model assumptions to deal with the strong
force introducing systematic uncertainties. By the contrary, parity violating elastic electron scattering
is a sensitive and model independent probe of the weak charge in nuclei that is essentially determined
by the neutron density [27]. However, the latter technique is very challenging experimentally and can
only be thought to be applied to stable nuclei at the moment.
Since the proton rms radius of many nuclei is well known from parity conserving electron elastic
scattering, to study the neutron rms radius or the neutron skin thickness (∆rnp = 〈r2n〉1/2−〈r2p〉1/2) can
be regarded as equivalent. Recently, many efforts have been devoted to the theoretical and experimental
studies of the neutron skin thickness in medium and heavy nuclei [103, 104, 105] since it has been shown
to be linearly correlated with the L parameter of the EoS (see Refs.[178, 98] and cf. Fig.3 of Ref.[171]).
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Figure 19: Left upper panel: neutron skin thickness of 208Pb as predicted by a large set of EDFs against
the L parameter. The inner (outer) colored regions depict the loci of the 95% confidence (prediction)
bands of the regression. A linear fit is also shown. Figure modified from Ref.[171]. Right panels:
predictions from several EDFs for the neutron skin thickness of 208Pb and 132Sn (a) and 48Ca (b).
Constraints on the neutron skin thickness from PREX[27] have been incorporated into the plot. Figure
taken from Ref.[172]. Left lower panel: Constraints from a theoretical analysis on L and J (here written
as Esym(ρ0)) from a χ2 analysis of available data from proton scattering, α scattering, and antiprotonic
atoms on the neutron skin thickness of some tin isotopes. Bands and dashed as well as dotted lines
represent an estimation of the error. Figure taken from Ref.[173].
In the left uppermost panel of Fig.19, the neutron skin thickness of 208Pb as predicted by a large set of
EDFs against the L parameter is shown. It is interesting to understand if the neutron skin thickness
of other nuclei also contains the same physical information. This can be qualitatively understood by
inspecting the right most panels in Fig.19 where predictions from several EDFs for the neutron skin
thickness of 208Pb and 132Sn (a) and 48Ca (b) are displayed [172] (constraints on the neutron skin
thickness from the parity violating elastic electron scattering 208Pb Radius Experiment (PREX) [27]
have been incorporated into the plot). These panels clearly show that, in the basis of EDF, the same
information can be accessed if the neutron skin thickness of 208Pb or 132Sn are measured. This is not
exactly the case for 48Ca: the neutron skin thickness of 48Ca and 208Pb (or 132Sn) do not account for
exactly the same information–their do not correlate one to one–and, thus, measuring both can be of
relevance. This indicates that L should be expected to correlate well only with the neutron skin of heavy
nuclei, something that is well justified by macroscopic models of the nucleus (cf. Ref.[102] and Eq.3).
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Next, in left lower panel of the same figure, constraints from a theoretical analysis on L and J (written
as Esym(ρ0) in the figure) from a χ2 analysis of available data from proton scattering, alpha scattering,
and antiprotonic atoms (see Ref.[173] for details) on the neutron skin thickness of some tin isotopes are
depicted. This analysis corresponds to the band labeled “neutron skin” in Fig.10 and it is important
to spend some words on these results. The authors of this work found an anti-correlation between J
and L. This is against all other analysis done so far in the literature (see for example [104, 105]) so one
should take this results with great care. Without going into detail, the simplest consideration one may
follow to understand the linear correlation between J and L is to explore the EoS around saturation
(the neutron skin thickness is a ground state property) without assuming a model. That is to write
S(ρ) ≈ J − Lρ0−ρ
3ρ0
. We know that for heavy nuclei like Sn isotopes the average density, to which the
EoS is most sensitive, is around 0.1 fm−3 [102]. Therefore, within a local density approximation, the
symmetry energy of the finite nucleus will approximately correspond to S(ρ ≈ 0.1 fm−3) ≈ J − L/8
and, thus, J should be positively correlated with L and show a slope not far from 0.125 [cf. Eqs.(12-14)
in Ref.[179]].
An example of the latest attempts to experimentally determine the neutron skin thickness of 208Pb
from the measurement of the ground state neutron distribution and, therefore, learn about the density
dependence of the symmetry energy around saturation is presented in the right most panels of Fig.18 [24].
In this work polarized proton elastic scattering off nuclei at intermediate energies (∼300 MeV) has been
performed. This technique is not exempt from uncertainties related to the nucleon-nucleon interaction
but medium effects have been calibrated in a transparent way and, thus, it is believed to be one of our
best means to experimentally access the neutron distributions in heavy nuclei by using hadronic probes.
Specifically, in the right most panels of Fig.18, the experimental elastic proton-208Pb scattering DCS
[panel (a)], analyzing power [panel (b)] and extracted neutron density of 208Pb with error envelope [panel
(c)] are shown. The dashed and dash-dotted lines are theoretical calculations including medium effects
and realistic proton density distributions taken from the literature on elastic electron scattering. The
obtained value for the neutron skin thickness of 208Pb is ∆rnp = 0.211+0.054−0.063 fm. This result supports a
range of values of 40 MeV. L . 110 MeV which is quite large (cf. from left uppermost panel in Fig.19).
The same technique was previously applied to some tin isotopes in Ref.[180], for the results see Table
III of this reference.
Another example corresponds to the global analyses of antiprotonic and pionic atoms that show a
reasonably good agreement of the root-mean-square radii of the neutron distributions [177]. Techniques
based on antiprotonic atoms [176, 25] have been recently revitalized24. When a slow anti-proton is
captured by an atom it emits X-rays until the final annihilation with a proton or a neutron of the
atomic nucleus occur. This gives information on the tail of the neutron and proton distributions since
anti-matter is very sensitive to the presence of matter. This technique is not exempt from strong
interaction uncertainties. In Ref.[25], the neutron skin of 26 stable nuclei from Ca to U was reported
by using this technique (see Fig.3). It was empirically demonstrated that the neutron skin thickness in
stable nuclei grows linearly with the neutron excess (as expected also from macroscopic considerations,
see Eq.3).
Information on the neutron skin has also recently been extracted from coherent pion photo-production
cross sections [181, 182]. In this technique, the target nucleus remains in its ground state. For photon
energies of around 200 MeV, the ∆ excitation is dominant and the amplitudes for neutron and proton ∆
excitations are expected to be the same. Therefore (γ, pi0) cross section is equally sensitive to both nu-
cleon distributions. Compared to other hadronic probes, this reaction is not complicated by initial state
interactions but for final state interactions instead. Assuming the proton distribution as known, the neu-
tron distribution can be parameterized and the constants fitted to reproduce the above mentioned cross
24See PUMA: anti-Proton Unstable Matter Annihilation EU project at http://cordis.europa.eu/project/rcn/
212041_en.html.
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section. By doing this, the neutron skin thickness of 208Pb found was ∆rnp = 0.15±0.03(stat.)+0.01−0.03(sys.)
fm that implies 0 MeV. L . 60 MeV which is also quite large (cf. from left uppermost panel in Fig.19).
Parity violating elastic electron scattering is the only experimental technique up to now that has
allowed to measure, in a model independent way, the weak charge rms radius of a heavy nucleus
such as 208Pb [27]. The weak charge radius essentially determines the rms of the neutron distribution
[183, 184, 185, 171]. This experimental technique exploits the fact that ultra-relativistic electrons
interact with the nucleus by the Coulomb plus or minus the weak interaction depending only on their
helicity of the incident electrons. Therefore, by measuring the so called longitudinal asymmetry (or
parity violating asymmetry), which is the difference between the DCS of electrons with the spin aligned
in the direction of the beam with those anti-aligned with it and divided by the sum of them, one is
sensitive to the weak charge distribution. That is, the parity violating asymmetry is a kind of interference
observable that gives access to the very small effect due to the weak interaction. In the only parity
violating experiment done so far25, the neutron skin of 208Pb was determined to be ∆rnp = 0.33+0.16−0.18
fm. Unfortunately, this type of experiment is very challenging and the achieved error was too large,
preventing from a tight constraint on L (cf. left uppermost panel in Fig.19).
In this section, we have overviewed some recent experiments that probe the ground state density
distributions in the atomic nucleus. The neutron skin thickness can also be accessed via the measurement
of collective excitations that probe nuclear restoring forces after the ground state densities have been
slightly perturbed by some convenient external probe. We will focus on collective excitations in the next
section. In addition, proton and neutron density distributions can be deduced from heavy-ion collisions
as well. We refer the reader to Refs.[186, 187, 188, 104, 103, 105] since this topic will not be covered in
this review.
Finally, from the astrophysical side, low-mass (∼ 0.5M) neutron stars with central densities close
to ρ0 provide information about the EoS at such densities. Those stars are rare and, thus, difficult to
observe but a strong correlation between the neutron radius of 208Pb and the radius of a ∼ 0.5M neu-
tron star seems to be reasonable [154, 152]. Thus, the radius of a ∼ 0.5M neutron star can be inferred
from a measurement of the neutron radius of 208Pb and, eventually, the neutron skin thickness in 208Pb
(or L) might be deduced from observational data [189]. Recently, neutron star physics have received a
new strong boost, as the LIGO-Virgo collaboration announced the first detection of gravitational waves
from a binary neutron star merger, setting a new type of constraint on the radius of a neutron star
[190].
6 Excitations in nuclei and EOS
In this section, the properties of different collective excitations (so called Giant Resonances) that have
been shown to be sensitive to the parameters of the nuclear EoS will be presented. We do not aim
at covering all possible excitations in nuclei or discuss features that are not related to the aim of this
review. Time dependent density functional theory (and its small amplitude limit: RPA) is the only
theoretical tool available in the literature that can be systematically applied for a reliable study of the
excitation energy and sum rules of collective excitations along the nuclear chart. Hence, we will focus
in this section mainly on the predictions based on the EDFs.
25further experiments are planed at the Jefferson Laboratory in USA and MESA at Mainz.
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6.1 Isoscalar modes
6.1.1 Isoscalar giant monopole resonance
The excitation energies of isoscalar monopole resonance are essential to constrain the incompressibil-
ity of nuclear matter K0. Early review on the relation between the compressibility of nuclear matter
and the frequencies of the collective monopole vibrations of nuclei is given in Ref. [48]. Over the past
years, a large number of theoretical studies, supplemented with the measurements based on advanced
experimental methods, have determined the limits for K0 (see also discussion in Sec.2). Recent theo-
retical studies are mainly based on microscopic approaches based on nuclear energy density functionals
(relativistic or non-relativistic) and macroscopic models.
From the experimental side, inelastic α scattering at small angles became a standard approach
to measure the ISGMR excitation spectra [93, 191, 192, 193, 194, 195, 196, 197, 198, 55, 199, 200].
Recently, the ISGMR in 116Sn and 208Pb have been investigated using small-angle inelastic scattering
of deuterons and multipole decomposition analysis, indicating that this approach could be employed to
study the ISGMR in radioactive isotopes in inverse kinematics [201]. In order to reduce uncertainty in
the prediction for K0, it is necessary to employ fully self-consistent theory frameworks. The extracted
values of K0 are model dependent [202]. While in previous studies there was a discrepancy between
predictions for K0 from non-relativistic and relativistic approaches [203], more recently, models based
on Gogny, Skyrme and relativistic functionals reach a satisfactory level of consistency in K0. A stringent
constraint has been established from the microscopic theory based on the RPA and experimental data
on isoscalar giant monopole and dipole resonances in closed shell nuclei, K0 = (240 ± 20) MeV [109].
However this result is still devated since analysis on open shell nuclei points towards lower values of K0
[204, 117]. In the following we review a selection of recent advances in addressing compressional modes
in nuclei to constrain K0.
In Ref. [51] the incompressibility of finite nucleus KA is parameterized in the form of a leptodermous
expansion in powers of A−1/3 [48] (cf. Eq.32). Leptodermous expansion represents a parameterized
description that allows a connection between the experimental data and parameters of the expansion,
Kvol,Ksurf ,Kcurv,Kτ , and Kcoul, that is, volume, surface,curvature, isospin and Coulomb contributions,
respectively. The contributions from these terms have been determined from a fit to values of KA,
obtained from the experimental excitation energies of the GMR (cf. Eq.27), and assuming that the
coefficient of the volume term Kvol corresponds to K0. Within this model, that neglects microscopic
effects, the result from Ref. [109], K0 = (240± 20) MeV was reproduced with the assumption that the
ratio of the surface and volume coefficients c = Ksurf/Kvol equals -1, that is consistent with most of the
energy density functionals [51]. However, by releasing the ratio c, it was shown that the fits significantly
improve and acquire larger values of K0, that is 250 < K0 < 315 MeV [51] (see also discussion in Sec.2).
The properties of ISGMR, as well as other multipoles, are sensitive to the ground state deformation
of nucleus. The ISGMR strength distributions have been measured in light deformed nuclei 24Mg
and 28Si using inelastic scattering of α particles [93, 194, 205] and 6Li particles at small angles [206],
resulting in considerable fragmentation of the spectra and splitting of the ISGMR. However, only
recently it has been shown that a two-peak structure of the ISGMR strength distribution in 24Mg
can be explained by the deformation of the ground state [205]. Fig. 20 (left panel) shows the ISGMR
strength distribution in 24Mg from inelastic α scattering at Texas A&M [194] and RCNP [205], resulting
in fragmented spectra with a pronounced double-hump structure in the latter case. Similar structure
has previously been observed in 154Sm, nucleus with a deformed ground state [191, 192, 207]. As shown
in Fig. 20 comparison of the ISGMR strength distributions for 24Mg obtained in Hartree-Fock-Bogliubov
(HFB) plus quasi-particle RPA calculations (QRPA) for spherical and prolate-deformed cases clearly
demonstrate the importance of deformation effects to reproduce measured two-peak structure. Similar
study of ISGMR 28Si [208] showed the effect of the ground state deformation, and the QRPA calculations
based on the SVbas functional for an oblate-deformed ground state could reproduce the experimental
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Figure 20: Left Panel: The ISGMR strength distribution in 24Mg from RCNP [205] and Texas A&M
[194] inelastic α scattering, in comparison with the results of spherical and deformed HFB+QRPA
calculations for the SkM* functional. Figure taken from Ref. [205]. Right panel: The ISGMR strength
distributions from RCNP [208] and by Texas A&M [193] data, in comparison with the results from
deformed QRPA calculations with Skyrme functionals SkM* and SVbas [208, 210]. Figure taken from
Ref. [208].
data (right panel in Fig. 20). Giant resonances, including ISGMR, have also been explored in axially-
symmetric-deformed QRPA based on Gogny D1S effective interaction in deformed 26−28Si and 22−24Mg,
demonstrating the impact of the intrinsic nuclear deformation on collective nuclear excitations [209].
The ISGMR displays splitting in deformed nuclei that is not present if the QRPA is based on spherical
HFB ground state. Deformation induced splitting of the ISGMR has also been systematically studied
in a wide range of masses covering medium, rare-earth, actinide, and superheavy axial deformed nuclei,
in the framework of fully self-consistent QRPA based on the Skyrme functional [210].
In the implementation of deformed HFB+QRPA based on Skyrme energy density functional with
SkM*,SLy4,SkP parameterizations, the evolution of strength distributions for giant resonances has been
studied in Nd and Sm isotopes, as shown in Fig. 21 for the case of ISGMR [211]. While in spherical
isotopes a sharp peak around 15 MeV is obtained, deformed nuclei have a double-peak structure. In
the case of 154Sm, lower and higher peak exhaust 31.4% and 60.6% of the EWSR, respectively [211].
The magnitude of the peak splitting and the fraction of the EWSR in the lower peak of the ISGMR
reflect the nuclear deformation effect. Model calculations of the ISGMR and other compression modes
showed a consistency of the results with the nuclear matter incompressibility K '210-230 MeV and the
effective mass m∗0/m ' 0.8-0.9. Only the high-energy octupole resonance resulted in some deviation,
indicating a smaller effective mass, and need for further precise measurements of this mode.
The ISGMR has also been systematically explored by inelastic scattering of α particles at small
angles including 0◦ in isotopes 92,96,98,100Mo and90,92,94Zr [195, 196, 212]. The HF+RPA calculations
with KDE0v1 Skyrme functional reproduce the main ISGMR peak, however, with 2-3 MeV higher
excitation energies, and high-energy tail could not be reproduced [196]. Further theoretical studies
including pairing correlations, deformation, and other effective interactions are necessary to clarify the
respective experimental data.
As pointed out in Ref. [195], the basic assumption used to determine incompressibility of nuclear
matter from the energy of the ISGMR has been that its energy is not affected by the details of the nuclear
structure beyond the general features contained in the calculation of the ISGMR energy for a specific
nucleus. This assumption has been tested in the analysis of Zr and Mo isotopes [195], showing that
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based on deformed HFB+QRPA (SkM*) calculations. Strength distributions are shifted for different
isotopes as denoted in figures. Figure taken from Ref. [211].
some difficulties exist. The ISGMR energies in A=92 nuclei lead to nuclear compressibility considerably
above those of other nuclei nearby, thus raising a question on the impact of nuclear structure effects on
the ISGMR energy and the corresponding incompressibility of nuclear matter [195]. In contrast with
Ref. [195], more recent study of inelastic α-particle scattering on 90,92Zr and 92Mo at RCNP resulted in
the ISGMR strength distributions that coincide for these nuclei, as shown in Fig. 22. Therefore, in this
case the incompressibility of nuclear matter is not influenced by the nuclear shell structure [213]. It is
argued that the origin of discrepancies in the results may be in the background subtraction approach. In
Ref. [213], the background subtraction leaves the physical continuum as part of the excitation spectra,
while in Ref. [195] additional assumptions are imposed on the shape of the background, that may also
subtract the physical continuum [213].
Recent implementation of the finite amplitude method (FAM) in the construction of the QRPA, using
iterative algorithms with adopted generalized conjugate residual method, provides a novel approach to
describe excitation strength functions in open-shell nuclei [204]. The advantages of this approach are
coding feasibility and reasonable computational cost, with equal accuracy as the traditional methods.
The first application of this method includes a study of the ISGMR in 174Sn, demonstrating the feasibility
and usefulness of the FAM approach [204]. The implementation of the FAM-QRPA based on Broyden’s
iterative procedure, has been first demonstrated in the case of isoscalar and isovector monopole strengths
for strongly deformed configurations in 100Zr and 240Pu [214]. In this way, large-scale calculations of
strength distributions in well-deformed superfluid nuclei become feasible across the nuclear landscape.
In Ref. [215] the FAM-QRPA method has been derived under the assumption of axial and mirror
symmetries, based on the Skyrme energy density functionals, and employed in the description of the
isoscalar monopole strength for the oblate configuration of 24Mg. The FAM-RPA has also been devel-
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at extremely forward angles at RCNP. Figure taken from Ref. [213].
oped in the framework of the covariant density functional theory, and its feasibility is demonstrated in
the cases of the ISGMR for 132Sn and 208Pb [216]. One of the advantages of this implementation is that
the rearrangement terms due to density dependent couplings are implicitly calculated without extra
computational cost. In Ref. [217] the relativistic QRPA has been developed in the FAM framework for
deformed nuclei, and tested in a calculation of the monopole response in 22O. Its application in the chain
of Sm isotopes demonstrates the splitting of the ISGMR in axially deformed systems. Fig. 23 shows
the evolution of Kpi = 0+ transition strength functions for 132−160Sn and splitting between two main
peaks for deformed isotopes. In order to explore the multipole excitations in triaxially deformed super-
fluid nuclei, latest developments include the implementation of the FAM-QRPA in three-dimensional
Cartesian coordinate space [218].
The ISGMR transition strength functions have also been studied in the implementation of another
method to solve the RPA, using iterative non-Hermitian Arnoldi diagonalization method, which does
not explicitly calculate and store the RPA matrix [219]. As shown in Fig. 24, the ISGMR strength
distributions in 132Sn, calculated using SkM* functional and 100 Arnoldi iterations, result in excellent
agreement with the standard RPA.
One of the challenges on the properties of ISGMR is the question why the theoretical studies that
accurately describe the ISGMR in 208Pb overestimate measured ISGMR excitation energies in the Sn
isotopes [197, 110]. As shown in Fig. 25, the ISGMR centroid energies calculated both in the non-
relativistic and relativistic RPA appear systematically above the measured values for all even-even
112−124Sn isotopes [197]. More recent study [55] with inelastic scattering 386-MeV α particles on
even-even isotopes 112−124Sn at extremely forward angles, including 0◦, resulting in "background-free"
spectra. Similar as in Ref. [197], the centroid energies of the ISGMR in tin isotopes appear considerably
lower than the results of theoretical studies [55].
In Ref. [222], the HFB+QRPA, based on Arnoldi method to solve the linear-response problem, have
been employed in a study of the role of finite-range and separable pairing interactions on monopole
strength functions. It has been shown that the pairing forces cannot resolve discrepancy of the calculated
ISGMR energies in tin isotopes with the experimental data. In Ref. [223] the ISGMR has been studied in
Cd, Sn and Pb isotopes within the self-consistent HF plus Bardeen-Cooper-Schrieffer(BCS26.) approach
and QRPA, by employing Skyrme interactions SLy5, SkM* and SkP, spanning a range of K0=230,
26Well known approximation to deal with pairing correlations in open shell nuclei [20]
52
2
4
6
2
4
6
2
4
6
2
4
6
2
4
6
2
4
6
8
2
4
6
8
St
re
ng
th
 (1
03
fm
4  
M
eV
-
1 )
2
4
6
8
2
4
6
8
2
4
6
2
4
6
2
4
6
8 12 16 20 24
E (MeV)
2
4
6
8 12 16 20 24
E (MeV)
2
4
6
8 12 16 20 24
E (MeV)
2
4
6
132Sm 134Sm 136Sm
138Sm 140Sm 142Sm
144Sm 146Sm 148Sm
150Sm 152Sm 154Sm
156Sm 158Sm
160Sm
(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
(j) (k) (l)
(m) (n) (o)
Figure 23: The Kpi = 0+ strength functions for 132−160Sn calculated with the FAM-RQRPA method.
The centroid energies of the low- and high-energy components are denoted by arrows. Figure taken
from Ref. [217].
Figure 24: The isoscalar and isovector monopole strength distributions in 132Sn calculated using
100 Arnoldi iterations, compared with the standard RPA result (SLy4 functional). Figure taken from
Ref. [219].
217, and 202 MeV, respectively, supplemented with three types of pairing interaction. The SkP cannot
reproduce the ISGMR strength distribution for all isotopes due to low K0. On the other side, SLy5,
supplemented with the pairing interaction, provides reasonable description of the ISGMR in Cd and
Pb isotopes, but it underestimates the ISGMR energies for Sn isotopes. The SkM* interaction, with a
softer value of the nuclear incompressibility, improves description of the ISGMR energies for Sn isotopes.
However, SkM* fails to reproduce the centroid energy of ISGMR in 208Pb. The ISGMR in Sn isotopes
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Figure 25: The centroid energies of the ISGMR calculated using non-relativistic [197] and relativistic
Q(RPA) [220], compared with the experimental data [197, 192, 221] Figure taken from Ref. [197].
has also been investigated in a relativistic mean field formalism and RPA based on NL3 and FSUGold
parameterizations [224]. Using the general expression for the incompressibility coefficient of infinite
neutron-rich matter, hybrid model has been constructed, that improves description of the ISGMR
strength distributions in Sn isotopes, however, similar to other models, it underestimates the respective
strength distribution in 208Pb [224]. One attempt to resolve the question "why the Sn isotopes are
soft" is based on possible mutually enhanced magicity (MEM) effect [225, 201]. The MEM effect refers
to strong under-binding observed in HF mass formulas for all doubly magic nuclei and their nearest
neighbors. Accordingly, doubly magic nuclei should be stiffer than open-shell nuclei, and the respective
effect should be visible in the ISGMR excitation energies. Specifically, the ISGMR energy in 208Pb
would be higher about 600 keV than in the cases of 204,206Pb. However, the experimental study of these
isotopes showed that the ISGMR centroid energies are similar, in contradiction to the expectation from
the model calculations, thus the effect of MEM in nuclear incompressibility has been ruled out [201].
In the focus of recent studies is also the evolution of the ISGMR properties in unstable nuclei. The
first measurement of the ISGMR in short-lived nucleus is reported for 56Ni, using deuterons as isoscalar
probe and resolving difficult conditions in inverse kinematics, using active target (Maya) and set-up with
an angular coverage close to 4pi [226]. It was shown that the ISGMR in 56Ni exhausts a large fraction
of the EWSR. In Ref. [227] the average ISGMR energies have been calculated in several isotopic chains
from the proton to the neutron drip lines. It has been shown that the description based on sum rule
approach, simplified by implementing the scaling method, provides the ISGMR energies in agreement
with the calculation based on the RPA [227]. Calculations show that while approaching the neutron
drip line, the ISGMR energies decrease and the resonance width increases. Calculations performed
using the microscopic Skyrme HF + RPA and relativistic RHB + RQRPA predicted the occurrence of
additional low-energy monopole states for neutron-rich Ni isotopes, well separated from the isoscalar
giant monopole resonance [228]. Fig. 26 shows the monopole transition strength distributions for
68Ni, calculated with Skyrme functionals Sly4 and SGII, resulting in pronounced low-energy monopole
strengths between 10 and 15 MeV, below the main ISGMR peaks. In general, theoretical analyses
predicted gradual enhancement of low-energy monopole strength with neutron excess [228]. Inelastic
alpha and deuteron scattering in inverse kinematics for 68Ni support theoretical predictions, providing
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Figure 26: The isoscalar monopole strength distributions in 68Ni calculated for (a) SLy4 and (b) SGII
functionals. Figure taken from Ref. [228].
indications for soft isoscalar monopole mode [229]. Enhanced soft monopole strength has also been
demonstrated in the application of the FAM-QRPA approach in modelling collective excitations of
weakly bound deformed Mg isotopes [230].
The question if the leptodermous expansion of the finite nucleus incompressibility (Blaizot’s formula)
can be fitted using the available experimental data of ISGMR has been addressed in a number of studies
(see also discussion in Sec.2). The parameter Kτ of the asymmetry term has been investigated in
Refs. [197, 198], using inelastic scattering of 400-MeV α-particles at extremely forward angles to measure
the ISGMR energies. Fig. 10 (right panel) shows the ranges of Kτ and K0 = K∞ values obtained from
the expansion of KA in volume, asymmetry and Coulomb terms, and by implementing the ISGMR
energies [198]. For comparison, the Kτ − K∞ values are shown for a number of non-relativistic and
relativistic functionals. In most of the cases, the results of theoretical predictions remain outside the
experimental range of values, except for the density-dependent meson-exchange interactions DD-ME1
and DD-ME2 interactions [231]. The study based on measured ISGMR energies for even-even isotopes
112−124Sn resulted in Kτ = −550 ± 100 MeV for the asymmetry term in the nuclear incompressibility.
Possible determination of the bulk symmetry incompressibility from the ISGMR has been revisited in
Ref. [53]. In the analysis using RMF model with the NL3 effective interaction as a benchmark, the
incompressibility of finite nuclei has been calculated for a set of nuclei in the scaling approach. By fitting
these values to Blaizot’s formula and implementing the covariance analysis, it is shown that it does not
seem possible to use the coefficients of Blaizot’s formula fitted to the ISGMR data to accurately constrain
EDFs [53]. In addition to the ISGMR, L = 0 overtone for the transition operator (r4 − ξr2)Y00(rˆ) has
also been investigated. In Ref. [232], transition density associated with the ISGMR overtone has been
derived using HF+RPA and semi-classical Fermi-liquid approach, resulting in qualitative agreement
between the two methods.
In order to explore the multipole excitations in triaxially deformed superfluid nuclei, latest de-
velopments include the implementation of the FAM-QRPA in three-dimensional Cartesian coordinate
space [218]. The ISGMR has also been studied within the approaches going beyond the (Q)RPA, e.g.,
by including the quasi-particle-phonon coupling at the level of the time-blocking approximation [233],
and second RPA based on Skyrme and Gogny functionals [234]. Since the implementation of com-
plex configurations results in modifications of the excitation spectra, their role on determination of the
nuclear matter incompressibility still needs to be investigated in detail. Within the ab initio inspired
approaches, the isoscalar monopole and other giant resonances have been investigated on the basis of
unitarily transformed two-nucleon plus phenomenological three-nucleon interactions, resulting in only
slightly overestimated resonance centroid energies [235]. However, it is expected that the implementa-
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tion of higher-order configurations would shift resonances to lower energies [235]. The feasibility study
of large-scale second RPA calculations, based on realistic interaction derived from the Argonne V18
potential, has been reported in Ref. [236].
6.1.2 Isoscalar giant dipole resonance
In addition to the ISGMR, another compression mode also provides constraint on the nuclear matter
incompressibility coefficient K0: isoscalar giant dipole resonance (ISGDR). It is a second order effect,
built on 3~ω or higher configurations, and in a macroscopic picture it corresponds to a compression wave
traveling back and forth through the nucleus along a definite direction. More details and respective
references on earlier studies of the ISGDR are given in Ref. [237]. There exists also available experimental
data on the ISGDR in 90Zr,116Sn,144Sm,208Pb from inelastic α-scattering, that can constrain the value of
K0 from this mode [238, 239, 240, 241, 242, 243]. In Ref. [244] an overview of the ISGDR measurements
using small-angle inelastic α-particle scattering at RCNP, Osaka, and implications on the determination
of nuclear incompressibility are given in detail.
Over the past years, one of the open problems was the question of inconsistent results on K0 deduced
from the ISGMR and ISGDR, i.e. discrepancy between the theoretical predictions and experimental
data on the ISGDR excitation spectra [245]. As shown in Ref. [246], the HF-RPA calculations that
reproduce the ISGMR excitation energies, overestimate the ISGDR energies by more than 3 MeV. In
the first studies, several approximations have been introduced, in particular, the effective interaction in
the HF was not fully consistent with the residual interaction in the RPA (with Coulomb and spin-orbit
interaction neglected) together with the limitations in the ph configuration space. As a result, spurious
state contamination could appear in the ISGDR excitation spectra. Self-consistent calculations based
on a unified effective interaction at the HF and RPA level resolve this problem, resulting in a clear sep-
aration of 1− spurious state close to the zero energy. From the experimental side, improvements include
precise and instrumental-background-free measurements of the isoscalar dipole strength distributions
using inelastic scattering of α particles [207, 241, 242, 243]. As pointed out in Ref. [247], the value of
the nuclear incompressibility, obtained from the ISGDR data is consistent with that from the ISGMR
data.
The isoscalar excitation spectra are composed from two separate regions: a low-energy part, and
a high-energy part that corresponds to the dipole compression mode (ISGDR) [248]. Fig. 27 shows
the isoscalar dipole transition strength distribution for 208Pb, calculated with relativistic RPA using
a set of four density-dependent meson-exchange effective interactions that differ only in the value of
nuclear matter incompressibility, K0=210,230,250, and 270 MeV [249]. As expected, the high-energy
component is rather sensitive to the choice of the nuclear matter incompressibility, with increasing K0,
the energy is shifted towards higher energies. On the other side, the effect on low-energy transitions
is rather small; by varying K0 the energies do not change, and only the B(E1) strength is somewhat
reduced with increased K0. Similar dependence is obtained within non-relativistic models using Skyrme
functionals [248]. As a possible solution for understanding the low-energy dipole strength, it has been
suggested that it may correspond to the toroidal resonance that would include nucleon currents within
a torus [250]. For more details see the review in Ref. [237].
The bi-modal structure of the isoscalar dipole transition strength and the interplay of dipole compres-
sional and vortical nuclear currents have also been confirmed within semi-classical nuclear Fermi-fluid
dynamic approach [251]. In Ref. [252] the toroidal resonance has been explored in relation to the
pygmy dipole strength (see subsection below) since both appear in the same low-energy region. Fig.
28 shows the proton, neutron, isoscalar and isovector current fields in the z−x plane for the low-energy
excitations in the interval 6-10 MeV, calculated using the RPA with the Skyrme functional SLy6 for
132Sn [252]. Clearly, the low-energy transitions correspond to isoscalar toroidal nuclear motion (see
Fig. 28 c)). Nuclear vorticity in isoscalar dipole response in 208Pb has also been explored in Ref. [253],
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by inspecting two basic concepts, hydrodynamical (HD) and Rawenthall-Wambach (RW) [254]. In the
HD case vorticity is defined as a curl of the velocity, while in the RW case just a given component of the
current is proposed as an indicator of vorticity [254, 253]. Model calculations based on self-consistent
RPA using Skyrme functional SLy6 showed that RW concept is not robust and the vorticity is better
characterized by the toroidal strength corresponding to HD treatment [253].
Measurement of the ISGDR in α-particle scattering on 58Ni represents the first confirmation of the
bi-modal structure of isoscalar dipole strength in A<90 nucleus [243]. In Fig. 29 the measured isoscalar
57
Figure 29: The ISGDR strength distribution in 58Ni from α particle scattering at extreme forward
angles in comparison to the QRPA calculation. Figure taken from Ref. [243].
dipole strength distribution is compared with those from the QRPA calculation. The experimental and
theoretical strength distributions are in qualitative agreement, except at the highest energies, where the
experimentally extracted transition strength is compromised by the limitations of the multipole decom-
position analysis [243]. There are also limitations present at the theoretical side, because contributions
due to complex configurations are not taken into account. In order to improve description of high-energy
spectra, the excitation and proton-decay of the ISGDR have been measured using 208Pb(α, α′p)207Tl
reaction at 400 MeV [247]. It was shown that the ISGDR strength, previously observed at highest
excitation energies, does not appear in the coincidence spectra, indicating that this excess strength was
spurious and originates from other, non-resonant phenomena [247]. The isoscalar multipole strengths
have also been measured in exotic doubly-magic 56Ni using inelastic α particle scattering in inverse kine-
matics [255]. This measurement confirmed α-particle scattering as an appropriate method for exciting
the ISGMR and ISGDR modes in radioactive isotopes.
6.1.3 Isoscalar giant quadrupole resonance
The isoscalar quadrupole response is composed from the two main structures in the low- and high-
energy region. In addition to a pronounced low-energy 2+ state, a collective ISGQR strength appears
at higher energies. The energy of the transition from the ground to the first excited 2+ state is strongly
sensitive on the nuclear shell effects [256] and depends on the number of particles outside the closed
shell [257]. On the other side, the ISGQR as a collective resonant mode is expected to vary smoothly
with the mass number A. The ISGQR provides a constraint on the effective mass as discussed in Sec.2,
it is also sensitive to the nuclear matter incompressibility, and contributes in determining the nuclear
symmetry energy and the neutron skin thickness as we will discuss below [101]. Fig. 30 shows the
ISGQR transition strength distributions for 208Pb, calculated using RPA with Skyrme type functionals,
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SAMi [258], KDE [259], SkI3 [260], and relativistic functionals, NL3 [68] and DD-ME2 [231]. Model
calculations overestimate measured ISGQR energy (denoted in figure by an arrow) ≈ 1 − 3 MeV.
The energy of the ISGQR is closely related to the effective nucleon mass m∗/m [48] (decreases with
increasing effective mass), and the model calculations indicate that empirical ISGQR energy in 208Pb
favors m∗/m ≈ 1 (see Fig.22 of Ref.[48]), that is above the respective values in the effective interactions
used in Fig. 30.
Another important effect comes from beyond mean-field correlations. In Ref. [261] the width of
the resonance has been calculated in a microscopic theory of the γ-decay of the ISGQR, based on the
Skyrme functional, treating the ground-state decay within the fully self-consistent RPA and the decay
to low-lying states at the lowest order beyond RPA. Fig. 31 shows the probability of finding the ISGQR,
calculated by including an increasing number of intermediate phonons with multipolarity ranging from
0 to 4 and with natural parity [261]. As shown in Fig. 31, the main contribution to the spreading width
of the order of 2 MeV comes from the low-lying 3− state, while the other phonons have the effect on
the ISGQR energy shift toward lower energies.
As mentioned above, the ISGQR provides important information on the nucleon effective mass
m∗ [48]. Fig. 32 shows the ISGQR excitation energies in 208Pb as a function of
√
m/m∗, calculated
with two families of Skyrme functionals (see Sec.3), SAMi-m and SAMi-J [258], that systematically
vary the effective mass m∗ and the symmetry energy at saturation density J , respectively [101]. For
the SAMi-m interactions, the figure demonstrates the correlation between the ISGQR energies and√
m/m∗. For the range of J = 27− 31 MeV, the variation of ISGQR energy is rather small [101].
In the framework of fully self-consistent QRPA with Skyrme interaction and density-dependent
pairing functionals, the isoscalar and isovector response in the deformed 24−26Mg and 34Mg have been
investigated [262]. The analysis of low-lying isoscalar 2+ state in open shell nucleus 26Mg showed that the
main contributions originate from pp transitions, while in the case of 24Mg ph states play the dominant
role. The ISGQR and IVGQR responses have been systematically investigated in spherical [263] and
deformed [264] nuclei using time-dependent HF+BCS approach. The calculated ISGQR energies and
the corresponding widths are shown for a set of spherical nuclei in Fig. 33, for SkM* and SLy5 Skyrme
functionals [263]. The calculated mean-energy of the collective high-energy ISGQR state are in the
agreement with experimental data [265], however, due to the missing two-body effects their widths
could not be reproduced [263]. Various deformation effects on collective ISGQR modes have been
explored in Ref. [264]. For axially symmetric nuclei, a splitting of the ISGQR is observed in three
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components |K|=0,1,2. As shown in Fig. 34, the main peak energies of the three components are clearly
separated with increasing the deformation parameter δ. The results from TDHF+BCS calculations are
in qualitative agreement with the fluid-dynamical model [266]. By increasing the deformation, the
ISGQR in medium- and heavy-nuclei acquires a non negligible spreading width for all |K| components
that significantly contributes to the overall fragmentation of the strength [263]. The analysis in Ref. [264]
also includes triaxial nuclei, resulting with increased complexity in the fragmentation and splitting of
the collective GQR modes.
The properties of lowestK = 2+ states have been explored in axially deformed rare earth and actinide
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nuclei using separable RPA based on Skyrme functional [267]. Although in some cases agreement
with the experimental data has been achieved, the calculations indicated that further progress of self-
consistent models is necessary for a systematic quantitative description of 2+ states. Fully consistent
axially-symmetric deformed QRPA, based on the Gogny D1S effective interaction, has been employed in
a study of giant resonances in a heavy nucleus 238U [268]. It results with strongly fragmented quadrupole
response, especially in the low-energy region below 10 MeV.
In Ref. [208] the ISGQR has been studied in inelastic α scattering at extremely forward angles on
28Si, with a focus on the effect of ground-state deformation on the resonance properties. It has been
shown that excitation energy of the ISGQR at 17.7 MeV appears consistent with the calculations for
an oblate-deformed ground state.
The fine structure of the ISGQR has been investigated experimentally in high-resolution proton
scattering on 58Ni, 90Zr, 120Sn, and 208Pb, and wavelet analysis has been employed for the extraction
of scales characterizing the fine structure [269]. Fig. 35 shows a comparison between the measured IS-
GQR spectrum in 120Sn and related quasi-particle phonon model (QPM), and extended time-dependent
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Figure 35: (Left panel) The measured spectrum from 120Sn(p, p′) reaction at the maximum of the IS-
GQR cross section in comparison with the QPM and ETDHF calculations. (Right panel) Corresponding
wavelet power spectra. Figure taken from Ref. [270].
Hartree-Fock (ETDHF) calculations, together with the corresponding wavelet power spectra that vary
between the experiment and model calculations [270]. From the comparison with the model calcula-
tions including 2p2h degrees of freedom, it has been shown that collective coupling of the ISGQR to
low-energy surface vibrations represent the main source of the observed scales. In Ref. [270] several
models have been employed in the study of ISGQR in 208Pb, the QPM, ETDHF, second RPA, and
extended theory of finite Fermi systems (ETFFS), resulting in significant differences for the values of
scales. Possible origin of these differences could be implementation of different effective interactions,
truncation schemes of the model spaces, coupling to the continuum and couplings of complex configura-
tions involved. More systematic and consistent studies are needed to benchmark theoretical description
of the fine structure of the ISGQR. Recently, the studies of the fine structure of ISGQR using proton
inelastic scattering have been extended toward lower mass nuclei, i.e., 40Ca [271]. It has been shown
that characteristic scales for 40Ca are already present at the mean-field level pointing to their origin in
Landau damping, different than in heavier nuclei and Second RPA (SRPA) calculations based on phe-
nomenological effective interactions, where the fine structure is explained by the coupling to two-particle
two-hole (2p-2h) states [271].
Within the experiment with inelastic scattering of α particles at small angles, the ISGQR has been
measured at small angles in 48Ca [199]. In Ref. [226] the ISGQR has been measured in unstable nucleus
56Ni using 56Ni(d, d′) reaction, resulting with the centroid energy 16.2±0.5 MeV, that is comparable to
those from (α, α′) scattering on 58Ni and 56Fe.
Novel developments of the FAM-QRPA solver have also been exploited in description of the ISGQR
in heavy deformed nucleus 240Pu, without any truncations in the quasi-particle space [272]. The FAM-
QRPA in the three-dimensional Cartesian coordinate space has been implemented to study isoscalar
quadrupole strength functions in axially deformed superfluid nuclei, 110Ru and 190Pt [218].
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6.2 Isovector modes
6.2.1 Isovector giant dipole resonance
The isovector giant dipole resonance (IVGDR) corresponds to a collective vibration mode of protons
oscillating against neutrons [246]. Within the original studies based on a macroscopic model, the giant
dipole resonance has been described as a combination of the Goldhaber-Teller displacement mode and
the Steinwedel-Jensen acoustic mode, with the restoring forces from the droplet model [33] (see also
Sec.2). The GDR was found to contain a large component of the Goldhaber-Teller motion, but in heavy
nuclei the Steinwedel-Jensen mode also contributes.
Covariance analysis of energy density functionals, that provides insight into correlations between dif-
ferent observables and nuclear properties (see Sec.3), indicates strong correlations between the IVGDR
excitation energy, neutron-skin thickness, and symmetry energy parameters, or more specifically, a com-
bination of them. The value of the symmetry energy S(ρ) associated with the Skyrme functionals, at
sub-saturation densities around 0.1fm−3, is strongly correlated with the centroid energy of the IVGDR
in spherical nuclei [273]. Specifically, in the latter work, it was found that 23.3 MeV< S(ρ = 0.1
fm−3) < 24.9 MeV. Since the IVGDR provides essential information to constrain the nuclear matter
symmetry energy, detailed experimental and theoretical studies of the IVGDR are required. The link
between measurements of the IVGDR properties and neutron skin thickness has been established in
Ref. [274] in inelastic scattering of α particles by α′ − γ coincidence measurements. The analysis of
experimental data for 116Sn, 124Sn, and 208Pb, with an assumption of Goldhaber-Teller picture of the
IVGDR, resulted in ∆rnp/R differences between the proton and neutron distributions in reasonable
agreement with theoretical predictions [274].
The properties of IVGDR have been extensively studied over the past decades. We refer to previous
review articles for more details and references therein [31, 275, 276, 277, 237], and the progress in more
recent studies is addressed in this review.
The experimental IVGDR properties and respective uncertainties have recently been updated in
Ref.[278], based on least-square fitting of theoretical photo-absorption cross sections to experimental
data. In the former case, components corresponding to excitation of the IVGDR and quasi-deuteron
contribution to the experimental photo-absorption cross section have been taken into account [278]. A
global analysis of the IVGDR for A > 80 nuclei allowed a study of the correlation of the resonance
spreading with energy with high accuracy[279]. In heavy nuclei, departure from the shell closure results
in widening of the IVGDR spreading, and fits with a single Lorentzian to the IVGDR data in deformed
nuclei do not allow systematic A−dependence of the widths. By considering the sensitivity to the details
of the nuclear shape, a new parameterization of the energy dependence of the electric dipole strength
has been established for spherical, transitional, triaxial and well deformed nuclei [279]. The properties
of the IVGDR have also been measured in the compound nuclei 80Zr and 81Rb, demonstrating the
importance of these studies to obtain information on the basic quantities in nuclear structure such as
the shape evolution and isospin symmetry [280].
Experimental study of the electric dipole strength in Mo isotopes in Ref. [281] includes two methods
(i) photon scattering up to the neutron separation energies Sn and (ii) photo-activation from Sn toward
the region of IVGDR resonance energies. Fig. 36 shows the experimental photon strength functions for
92,94,96,98,100Mo in comparison with the E1 strength parameterisation based on deformation and simpler
approach based on the RPA. While previous parameterisations, based on a single Lorentzian, resulted
in false extrapolation to the low-energy tail, an updated parameterization [279] provides improved
description of the data below the neutron threshold due to the shift of one component of the IVGDR to
lower excitation energy [281]. The results provide the insight into the shape dependence of the dipole
strength in Mo isotopes, involving the effects of quadrupole deformation and triaxiality. It has been
shown that the parameterization for the dipole strength distribution in A > 80 deviates considerably
from general prescription that has previously been used, with possible implications to the nucleosynthesis
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Figure 36: Experimental photon strength functions for 92,94,96,98,100Mo (from bottom to top) in com-
parison with the E1 strength parameterisation based on deformation (black solid line) and another
approach based on the RPA (cyan thin line). Figure taken from Ref. [281].
network calculations [281]. In particular, dipole strength has important impact on the neutron capture
cross sections for the r-process simulations [282, 283]. Since the experimental data are not available
for the whole nuclear chart, large-scale QRPA calculations of the E1-strength have been performed to
microscopically derive the radiative neutron capture cross sections. Because the QRPA cannot describe
damping of the collective motion, this effect has been taken into account through a folding procedure
of the dipole strength functions [282, 283].
From the theory side, isovector and isoscalar dipole excitations have been investigated in light
nuclei 9,10Be in the framework of antisymmetrized molecular dynamics with angular-momentum and
parity projections [284]. The IVGDR shows two-peak structure, due to dipole excitation in the 2α
core part with the prolate deformation. In addition, low-energy E1 resonance was predicted due to
oscillations of valence neutrons against the 2α core. For medium heavy to heavy spherical neutron-rich
nuclei, investigation based on the collisional Landau kinetic theory, showed that the splitting of the
giant multipole resonances in spherical neutron-rich nuclei originates from the interplay of the isovector
and isoscalar sounds with different velocities [285]. Within this approach, it has been shown that the
calculated values of splitting energy the relative strength of the resonance peaks, appear in agreement
with respective experimental data. It has been shown that the enhancement factor K in the sum of
energy weighted strength for the IVGDR increases with A due to boundary condition on the moving
nuclear surface [286].
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Figure 37: The FAM-QRPA photo-absorption cross sections of 174Yb calculated with Skyrme param-
eterisations SV-bas, SV-kap20, and SV-kap60. For comparison, photo-absorption [290] and neutron
yield [291] experimental data are shown. Figure taken from Ref. [289].
The properties of IVGDR have been studied in heavy and superheavy nuclei in the framework of
separable RPA based on Skyrme parameterization SLy6 [287]. The widths of the resonance appeared
mainly determined by the Landau fragmentation, that is strongly influenced by deformation effects.
The self-consistent RPA based on the FAM with Skyrme functionals in the three-dimensional space
has been applied in the description of electric dipole excitations [288], resulting with reasonable agree-
ment for the IVGDR peak energies for heavy nuclei. However, the energies of light nuclei have been
systematically underestimated. Further study of the IVGDR in heavy rare-earth isotopes based on
FAM-QRPA, showed that this highly efficient method mainly reproduces the resonance energy, with
some deficiencies in isotopes heavier than erbium. Fig. 37 shows the photo-absorption cross sections
for 174Yb calculated using FAM-QRPA [289] with Skyrme parameterisations SV-bas, SV-kap20, and
SV-kap60, in comparison to the photo-absorption [290] and neutron yield [291] experimental data. The
model deficiencies could not be improved by adjusting the enhancement factor in the EWSR, through
implementation of SV-kap20 and SV-kap60 parameterizations, suggesting that methods going beyond
QRPA should be developed, or another optimisation of the EDF parameters should be introduced [289].
In Ref. [292] the IVGDR strength has also been systematically studied in Sn isotopes with extreme
neutron excess (A ≥ 132) in the framework of relativistic deformed QRPA [293]. Model calculations
reproduce the main properties of the IVGDR, reduction of the centroid energy and the splitting of
the response in two modes due to deformation. The GDR splitting depends linearly on the deforma-
tion. The IVGDR has been investigated in axially deformed 172Yb, 238U and triaxial nucleus 188Os
in the three-dimensional time-dependent density functional theory, based on superfluid local density
approximation [294]. In the case of axially deformed nuclei 172Yb and 238U, calculations include two
situations, perturbing the system along the longer and the shorter axis. For triaxial 188Os, three cases
have been explored accordingly. The respective photo-absorption cross sections are shown in Fig. 38 for
two Skyrme functionals, SkP and SLy4, resulting in reasonable agreement with the experimental (γ, n)
cross sections [294].
Within a fully consistent HFB+QRPA with axial symmetry, based on the Gogny D1S effective inter-
action, isovector dipole response has been investigated in 26Ne, 28Si, and 24Mg, resulting in reasonable
agreement with the experimental data [295]. The same framework, based on D1S and D1M Gogny func-
tionals, has been employed in large-scale deformed QRPA calculations of the γ-ray strength function for
astrophysical applications [296]. In order to account the effects going beyond the QRPA, phenomenolog-
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ical correlations have been included to reproduce quantitatively photoabsorption data [296]. Continuum
effects on the IVGDR have been explored within continuum QRPA with Skyrme functional [297] and
continuum RPA for relativistic point coupling interactions [298]. In Ref. [297] a new formulation of the
continuum QRPA has been established, in which the velocity-dependent terms of the Skyrme effective
interaction are explicitly treated, and their effects on the strength distribution and the transition den-
sity of the low-lying surface modes and the giant resonances have been explored. The decay properties
of the IVGDR have been investigated in a semi-microscopic approach based on the continuum RPA,
phenomenological mean field and Landau-Migdal ph interaction [299].
In Ref. [300] couplings between dipole and quadrupole vibrations in tin isotopes have been investi-
gated, using time-dependent HF based on Skyrme functional. Couplings of this kind provide a source
of anharmonicity in the multiphonon spectrum, and also affects the dipole motion in a nucleus with a
static or dynamical deformation induced by a quadrupole constraint or boost, respectively [300].
Fine structure of the IVGDR has been explored in 208Pb in the analysis of characteristic scales
based on continuous wavelet transforms [301]. From the comparison of the corresponding analyses of
the (p, p′) experimental data and theoretical predictions, giant resonance decay mechanisms responsible
for the fine structure have been identified. In model calculations major scales are present already at
ph level, and inclusion of complex configurations has limited impact on the wavelet power spectra
and characteristic scales [301]. Therefore, Landau damping has been suggested as the key mechanism
responsible for the fine structure of the IVGDR [301].
Electric dipole response has been investigated in open shell Sn isotopes and (N = 50) isotones in
the relativistic QRPA extended by the quasi-particle-phonon coupling model using the quasi-particle
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time blocking approximation (QTBA) [302] with NL3 parameterization [68]. Within this approach, by
taking into account phonon-nucleon coupling vertices for J ≤ 6 and natural parity, the isovector dipole
strength distributions have also been systematically investigated in 40−54Ca [303]. Fig. 39 shows the
isovector dipole strength distributions for 116,120,130Sn, based on relativistic QRPA and QTBA [302].
The envelopes of the calculated IVGDR for 116,120Sn successfully describe measured photoabsorption
cross sections, thus the key mechanism responsible for the damping of the IVGDR has been taken
into account in an appropriate approach. Small deviations originate from neglecting more complicated
couplings beyond 2-quasi-particle - phonon, configurations by the time blocking, discretized continuum,
restriction of the phonon subspace only by low-lying modes, and rather simple implementation of the
pairing interaction. In the case of low-lying excitations (see Fig. 39), more realistic description would
necessitate including one-, two-, and possibly three-phonon configurations, as for example in the quasi-
particle phonon model [304].
The properties of IVGDR in 40Ca and 208Pb have been addressed in the non-relativistic self-consistent
framework based on the RPA extended by including the quasi-particle-phonon coupling at the level of
the QTBA [233]. In addition to consistent calculation of all matrix elements from the same Skyrme
functional, single-particle continuum has been included to avoid discretization of the states usually
employed in RPA and TBA. It has been shown that the inclusion of the phonon coupling in the TBA
results in small shifts downwards of the resonance centroid energies [233].
Isoscalar and isovector dipole strength distributions have also been investigated in relation to the
Schiff moment [305].
6.2.2 Dipole polarizability
In addition to the IVGDR excitation energy, another isospin sensitive observable can be extracted from
the isovector dipole strength distribution: the dipole polarizability αD that corresponds to the sum of
the inverse energy weighted transition strength (see also Sec.2). The covariance analysis within the
energy density functional approach showed that the dipole polarizability is strongly correlated with the
neutron form factor, i.e., with the isovector properties of finite nuclei such as neutron skin thickness, as
well as with the properties of the symmetry energy of nuclear matter [306]. Therefore, in recent years
the dipole polarizability attracted considerable interest both in theoretical and experimental nuclear
physics community.
The electric dipole polarizability has recently been measured in three nuclei using polarized proton
inelastic scattering at extreme forward angles [307, 308], a technique that allowed extraction of the
αD value over a wide energy range and with high resolution [307, 308]. By implementing multipole
decomposition of the angular distribution and by measuring all polarization transfer observables, high
resolution electric dipole response of 208Pb has been obtained over a wide range of energies. By sup-
plementing this measurement with available data on electric dipole response in 208Pb toward higher
energies, up to the pion-production threshold [309, 310], the value for the electric dipole polarizability
αD(
208Pb) = 20.1 ± 0.6 fm3 has been obtained [44]. Within the same approach, the electric dipole
strength of 120Sn has been measured in the interval between 5 and 22 MeV [45], and supplemented with
photo-absorption data up to 135 MeV [311], resulting in αD(120Sn) = 8.93 ± 0.36 fm3 [45]. Finally,
proton inelastic scattering has been used to measure electric dipole strength in 48Ca between 5 and 25
MeV[30]. Additional contribution to E1 strength at low-energies has been extracted from (γ, γ′) reac-
tion, while for energies from 25 to 60 MeV the photoabsorption data in 40Ca, with additional correction,
have been used to determine the value αD(48Ca) = 2.07± 0.22 fm3 [30].
The electric dipole polarizability has also been measured in unstable neutron-rich nucleus 68Ni, in
the approach based on Coulomb excitation in inverse kinematics and by measuring the invariant mass
in the one- and two-neutron decay channels [312, 46]. The resulting dipole polarizability, based on the
measured energy range between 7.8 and 28.4 MeV, amounts αD(68Ni) = 3.40 ± 0.23 fm3. Measuring
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Figure 39: Isovector low-energy strength (left column) and IVGDR spectra (right column) for
116,120,130Sn, calculated using relativistic QTBA and RQRPA. Experimental photoabsorption cross sec-
tions are shown for 116,120Sn. Figure taken from Ref. [302].
neutron rich nuclei opens the possibility of a precise determination of neutron skins as a function of
neutron excess [46].
Results on 68Ni, 120Sn, and 208Pb provided important constraints on the isovector properties of
energy density functionals, i.e., the corresponding symmetry energy parameters [179]. Correlations
between the dipole polarizability, neutron skin thickness and the symmetry energy parameters have
been studied within non-relativistic and relativistic EDFs [91, 179], and more recently also within ab
initio models based on chiral effective field theory interactions [30].
As pointed out in Ref. [179], experimental values on electric dipole polarizability for 68Ni, 120Sn,
68
and 208Pb reported in Refs. [46, 45, 44] cannot be directly compared with αD values from the model
calculations. Since for 68Ni the dipole response has been measured in the energy interval between 7.8
MeV and 28.4 MeV, the dipole response has to be extrapolated to lower and higher energy regions to
cover complete range that would correspond to the model calculations. The strength below the neutron
threshold has been estimated from the tail of a Lorentzian-plus-Gaussian fit to the deconvoluted data,
where the Lorentzian extrapolates the giant dipole resonance to low energies and the Gaussian covers the
low-energy pygmy dipole strength [313, 179]. The strength above the upper experimental limit of 28.4
MeV [46] has been extrapolated from the same Lorentzian fit of the GDR strength [313, 179]. Finally,
the corrected value of the dipole polarizability for 68Ni, including contributions from extrapolated low-
energy and high-energy regions, is αD(68Ni) = 3.88± 0.31 fm3 [313].
In the case of reported αD values for 120Sn [45], and 208Pb [44], for a direct comparison with model
calculations, corrections are required in the energy region above 30 MeV due to contamination com-
ing from non-resonant processes (the so-called quasi-deuteron effect [309, 311]). After subtracting
these contributions [314, 311, 309], corrected values of the dipole polarizability have been reported,
αD(
120Sn) = 8.59 ± 0.37 fm3 and αD(208Pb) = 19.6 ± 0.6 fm3 [179, 314]. As pointed out in Ref. [179],
quasi-deuteron excitations, if not properly subtracted, also lead to values of the experimental EWSR
which are inaccurate, much more than for the dipole polarizability.
In Ref. [172] the original experimental value on αD in 208Pb [44] has been used in theoretical analysis
based on various non-relativistic and relativistic EDFs to constrain the neutron skin thickness ∆rnp. It
has been shown that precise measurements of ∆rnp and αD could significantly constrain the isovector
sector of the EDFs [172, 315]. The corrected experimental values for αD in 68Ni, 120Sn and 208Pb [179], as
discussed above, have been implemented in the analysis of symmetry energy and its density dependence
within the theory frameworks of non-relativistic and relativistic nuclear energy density functionals [179].
The calculated values of αD are used to validate different correlations involving the symmetry energy
at the saturation density J , the corresponding slope parameter L, and the neutron skin thickness ∆rnp.
In order to improve understanding of the correlations between αD and other isovector observables, in
Ref. [96] droplet model has been employed to establish analytic relations between the dipole polariz-
ability, neutron skin thickness and the symmetry energy parameters. It has been shown that within the
droplet model the product quantities αDMD J is linearly correlated with neutron skin thickness ∆rDMnp ,
in agreement with Ref. [316].
Following indications from the droplet model, the correlations between the electric dipole polar-
izability and neutron skin thickness have been explored microscopically by implementing a large and
representative set of energy density functionals that span a wide range of the values of isovector quanti-
ties [96]. Model calculations include families of systematically varied interactions obtained by a variation
of the parameters around an optimal value, but without significantly compromising the quality of the
merit function. In Ref. [96] the following families have been used: non-relativistic Skyrme functionals
SAMi [258] and SV [317]), meson-exchange covariant EDFs NL3/FSU [68, 318, 319, 320] and TF [321],
and covariant EDF with density-dependent meson-nucleon couplings DD-ME [79]. Fig. 40 (left panel)
shows the calculated electric dipole polarizability as a function of the neutron skin thickness in 208Pb,
based on aforementioned functionals. The figure shows linear dependence within each family of the func-
tionals, however, a significant amount of scatter is obtained between the results for different functionals,
resulting in rather moderate correlation coefficient amounting 0.62. However, if αDJ is considered in-
stead of αD, a large spread in the model results is considerably reduced, resulting in the correlation
coefficient 0.97 (Fig. 40 (right panel)). Clearly, the correlation between αDJ and ∆rnp suggested by the
droplet model approach has been confirmed by microscopic calculations [101].
By implementing strong correlations αDJ with ∆rnp and slope of the symmetry energy L, and using
EDFs with the experimental data for αD in 208Pb, the following relation between J and L has been
obtained: J = (24.5± 0.8) + (0.168± 0.007)L [101].
In the recent systematic study [179], corrected values of experimental data for 68Ni, 120Sn, and 208Pb
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Figure 40: (a) Dipole polarizability αD as a function of neutron skin thickness in 208Pb. (b) The same
like at the left panel, but the dipole polarizability is multiplied by the symmetry energy at saturation
J . See text for details on the interactions employed. Figure taken from Ref. [101].
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Figure 41: Calculated dipole polarizability in 68Ni, 120Sn, and 208Pb for various EDFs in comparison
to experimental data (see text for details). Figure taken from Ref. [179].
(as discussed above), have been employed to constrain the symmetry energy parameters J , L, and ∆rnp.
Fig. 41 shows the results of model calculations for three respective nuclei, based on several families
of EDFs. These include non-relativistic Skyrme parameterizations SAMi-J [258] and KDE0-J [259], and
four relativistic families, NL3Λ, FSUΛ, TAMU-FSU [68, 318, 320, 321], and DDME [231, 79]. As shown
in Fig. 41, αD in 208Pb appears strongly correlated to αD in both 68Ni and 120Sn. Horizontal and
vertical bands in Fig. 41 denote the experimental values of the electric dipole polarizability corrected as
discussed above, including error bars. A number of functionals (denoted by red circles) reproduce the
measured dipole polarizability in all three nuclei. By using this subset of EDFs, the following values
for the symmetry energy parameters have been obtained, J = 30-35 MeV, L = 20-66 MeV; and the
values for ∆rnp in 68Ni, 120Sn, and 208Pb are in the ranges: 0.15-0.19 fm, 0.12-0.16 fm, and 0.13-0.19
fm, respectively [179].
In Ref. [322] the dipole polarizability in 208Pb has been studied within the Skyrme HF+RPA using
the MSL0-based family of parameterizations, as well as with an additional set of interactions obtained
with χ2 minimisation with systematically varied slope of the symmetry energy L(ρc) at sub-saturation
density ρc = 0.11 fm−3 [173] (note that L refers to ρ0 if not specified as in the present case). From
the comparison with the experimental value of αD in 208Pb, together with the symmetry energy at
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Figure 42: Constraints on the symmetry energy (left panel) and the neutron matter EOS (right panel)
as a function of density ρ. The insets show the density dependence of the correlation r between αD
and symmetry energy and neutron matter EOS, respectively. See text for details. Figure taken from
Ref. [323].
the sub-saturation density ρc=0.11 fm−3 from the binding energy difference of heavy isotope pairs, the
slope of the symmetry energy has been determined, L(ρc)=47.4±7.8 MeV. One should note that the
analysis has been done by analyzing the predictions of only one family of interactions (MSL0) and that
was based on the original experimental data [44], thus implementation of the necessary correction [179]
would somewhat lower the value for L reported in [322].
In another study, the electric dipole polarizability in 208Pb has been used as a probe of the symmetry
energy and neutron matter at sub-saturation densities, in particular around ρ(r = 0)/3 [323]. By
exploiting the correlation between the value of αD and the symmetry energy at sub-saturation densities,
the range of values for the symmetry energy below saturation has been obtained. Fig. 42 (left
panel) shows a stringent constraint obtained for the symmetry energy. Other constraints discussed
in Ref. [323], shown in Fig. 42, include results from analyses of heavy ion collisions (HIC) [324], the
Skyrme HF analyses of isobaric analog states (IAS) as well as combining additionally the neutron skin
thickness (IAS+NSkin) in Ref. [325], and six constraints on the value of Esym(ρ) around 2/3ρ0 from
binding energy difference between heavy isotope pairs (Zhang) [326], Fermi-energy difference in finite
nuclei (Wang) [327], properties of doubly magic nuclei (Brown) [328], the giant dipole resonance in 208Pb
(Trippa) [273], the giant quadrupole resonance in 208Pb (Roca-Maza) [101] and the soft dipole excitation
in 132Sn (Cao) [329]. One should note that at low densities, below about 0.02 fm−3, clustering effects are
important, since they considerably increase the symmetry energy [330] . The analysis in Ref. [323] also
indicates a strong correlation between 1/αD in 208Pb and neutron matter energy EPNM(ρ). Thus the
experimental data on αD in 208Pb has also been used to constrain the neutron matter EOS, as shown
in the right panel in Fig. 42 in the density interval 0.015 fm−3 < ρ < 0.11 fm−3 [323]. In Ref. [331] the
experimental value of dipole polarizability in 208Pb, combined with the centroid energy of IVGDR has
been used to constrain the isovector effective mass of the Skyrme functionals, as well as to address the
isospin splitting of the effective mass.
The correlations between the slope parameter of the symmetry energy L with αD and αDJ have
also been analyzed in Ref [332] based on HF+RPA with Skyrme and Gogny functionals. The study
confirmed αDJ as a good quantity to constrain L, with 12 MeV uncertainty. In Ref. [333], dipole
transition strength in 208Pb has been studied in a self-consistent phonon coupling approach in a space
spanned by one-phonon and two-phonon basis states using an optimized chiral two-body potential. In
order to improve single-particle spectra, a phenomenological density-dependent term, derived from a
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results including 3NF: the large one is from NNLOsat [340] and the others from chiral interactions as in
Ref. [341]. Experimental data are denoted by green bands [342, 18]. Figure taken from Ref. [334].
contact three-body force, has been included in calculations [333]. The results of model calculations
demonstrate the role of the two-phonon states in enhancing the fragmentation of the strength. Calcula-
tions of dipole polarizability showed that the phonon coupling does not influence the value of αD [333].
Another self-consistent approach, based on quasi-particle-phonon coupling at the level of time-blocking
approximation, has also been exploited in modeling dipole polarizability [233].
Electric dipole polarizability has also been studied using the interactions derived from chiral effective
field theory. In Ref. [334] the integral transforms have been combined with the coupled-cluster method
to compute the dipole polarizability in light nuclei 4He, 16,22O, and 40Ca, using bound-state techniques.
For the NNLOsat interaction, the model calculations reproduce experimental αD values in 4He, 16O,
however, in 22O the theoretical result exceeds the experimental value by a factor of two [334]. Fig. 43
shows the αD − rch dependence in 16O and 40Ca for various interactions, based on Vlow−k [335] and
similarity renormalization group (SRG) [336] to decouple high momentum modes and generate a set of
phase-shift equivalent nucleon-nucleon(NN) interactions. A range of values for λ, the parameter that
measures spread of off-diagonal strength has been used in calculations [336]. In addition, three-nucleon
forces (3NF) have been taken into account in model calculations [334]. As shown in Fig. 43, a correlation
between the electric dipole polarizability and charge radii has been reproduced, as expected from nuclear
droplet model in heavier systems. While NN interaction alone systematically underestimate measured
values of αD and rc, the inclusion of 3NFs considerably improves agreement with data [334].
In Ref. [30], coupled-cluster method has been employed in ab initio calculations of dipole polarizabil-
ity in 48Ca, by including two- and three-nucleon interactions. Due to implementation of different chiral
Hamiltonians, a range of values of αD is obtained, some within the range of experimental uncertainties.
It is interesting to note that αD value for NNLOsat interaction, that is additionally adjusted to improve
the properties of finite nuclei, appears outside from the experimental range of values. Coupled-cluster
calculations are subject to the truncations in the model space, that could lead to a shift of ≈ 2 MeV [30].
In addition, at low energies coupled-cluster triples corrections could also have important role [30], thus
ab initio description of dipole polarizability could be further improved.
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6.2.3 Pygmy dipole strength
The low-energy E1 transitions in nuclei, often termed as pygmy dipole strength (PDS) or pygmy dipole
resonance (PDR), represent one of very active research topics in nuclear physics over the last decade [237,
343]. The PDS evolves as a characteristic feature in nuclei with neutron excess (but also in proton
drip-line nuclei [344]) characterized by unique properties different than a single-particle transition but
also considerably different than highly collective giant resonances. The general macroscopic picture
of the PDS also seems to be rather complex, e.g., ranging from the neutron skin oscillation against
the core, toroidal motion, isoscalar and isovector mixing, etc. The PDS is interesting not only as an
unique excitation mode in nuclei, but also due to its astrophysical relevance, because in neutron-rich
nuclei it contributes significantly to the radiative neutron capture, that is essential in the r-process
nucleosynthesis [282, 283]. As pointed out in Ref. [345], neutron capture rates are sensitive to the fine
structure of the low-lying dipole strength, which emphasizes the importance of a reliable knowledge
on this mode. There is an extensive literature on the PDS, going beyond the scope of this review.
An overview about recent developments in experimental approaches to study low-lying electric dipole
strength related to the PDS in stable and radioactive atomic nuclei is given in Ref. [343]. The initial
theoretical studies are reviewed in more details in Ref. [237]. Within this review, we focus mainly on
the implications of the PDS studies on the neutron skin thickness and the symmetry energy of the
EoS. Nevertheless, we also refer to some very recent studies of relevance for the future investigations to
constrain the neutron skin thickness and symmetry energy parameters from the PDS.
From the experimental side, the systematics of PDS measurements are given in Ref. [343], ranging
from light toward heavy nuclei, various experimental methods and energy ranges accessible in mea-
surements. In Ref. [346], the photo-response of 60Ni has been investigated in order to explore also the
evolution of the PDS in a nucleus with rather small neutron excess. Recently the evidence of the PDS
has also been identified in the γ-ray strength functions of 105−108Pd using charged particle reactions
(3He,3 He′γ) and (3He, αγ) [347]. By the same method, the evolution of the PDS in several Sn isotopes
has been explored [348]. The PDS has also been studied in 86Kr, 136Ba, in N=50 isotones, etc. in
photon-scattering experiments using bremsstrahlung produced with electron beams delivered by the
linear accelerator ELBE [349, 350].
As predicted by microscopic calculations based on the relativistic QRPA [237], in the initial studies of
the PDS using (γ, γ′) scattering, part of the transition strength was missing in the experimental result.
One of the limitations of (γ, γ′) approach is the neutron threshold, thus measurements could only
be performed below its energy. In more recent experiments of 112,120Sn(γ, γ′) reactions, an additional
method based on statistical model has been employed to estimate the missing strength due to unobserved
decays to excited states, allowing more reliable comparison with model calculations [351]. Another
method to explore the PDS properties, using (p, p′) scattering, allowed a consistent study of the E1
strength in 120Sn below and above threshold [352]. The resulting B(E1) strength between 4 and 9 MeV
appeared more than three times larger than in the case of (γ, γ′) experiment, despite including in the
latter case corrections for unobserved branching ratios and unresolved contributions in Ref. [351]. As
pointed out in Ref. [352], studying the PDS properties based on (γ, γ′) experiments should be carefully
considered, as well as their implementation in studies of the symmetry energy of the EoS.
Measurements based on (γ, γ′) reactions provide high resolution electromagnetic response below the
neutron separation energy [353, 354]. Comparative study of experimental data with theoretical predic-
tions from the EDF plus quasi-particle phonon model allowed a separation of the PDS from both the
tail of the giant dipole resonance and multi-phonon excitations [354]. One of the essential properties
of the PDS is its splitting into isoscalar and isovector component [355, 343, 356]. Comparative studies
of (γ, γ′) photon scattering experiments and measurements in (α, α′γ) scattering allowed investigations
of the isospin character of the PDS [356]. From the comparison of the two respective experiments on
124Sn target, splitting of the low-energy excitation spectra has been identified: lower-lying states of the
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PDS are observed in both kinds of experimental approaches, while high-lying states of the PDS are
excited only in (γ, γ′) scattering. Comparison with the relativistic quasi-particle time-blocking approx-
imation(RQTBA) and the quasi-particle phonon model showed that the low-lying isoscalar component
is dominated by neutron skin oscillations, while the PDS states at higher energies have pronounced
isovector component that corresponds to the low-energy tail of the IVGDR [356].
In Ref. [357] the perspectives of the heavy-ion inelastic scattering in neutron-rich nuclei have been
explored to resolve the properties of the PDS. The analysis based on the HF+RPA with Skyrme func-
tional showed how the combined information from reaction processes involving the Coulomb and dif-
ferent mixtures of isoscalar and isovector nuclear reactions can provide the insight into the properties
of these states.The isoscalar character of low-energy dipole excitations has also been explored using the
transition densities from the RQTBA and semi-classical model to describe inelastic α−124Sn scattering
[358]. In this way, the missing link has been established to directly compare the results from microscopic
RQTBA calculations with the experimental data on (α, α′γ) reaction.
In Ref. [359] (see also [360]), the PDS has been investigated in 124Sn populated by inelastic scattering
of 17O, and γ decays from excited states in 124Sn have been measured together with the angular distri-
bution of the scattered 17O ions. As a result, the isoscalar component of the 1− excited states has been
extracted. Fig. 44 shows the respective differential cross sections [359], measured in 124Sn(17O,17 O’γ)
experiment in comparison with the strengths measured in (α, α′γ) [356] and (γ, γ′) [304] scattering.
The unresolved strength, corresponding to the total binned counts in the measured spectra are shown
in grey. Clearly, one can observe in the figure the splitting of the PDS states in two regions in all three
cases. However, the strength is distributed differently due to the different nature of these states. In the
case of the result for (17O,17 O’γ), similar as for (α, α′γ) reaction, the low-lying part of the E1 strength
appears to be characterised by isoscalar transition densities that are peaked on the surface which lead
to an enhancement in the isoscalar E1 response, while the higher-lying states can be interpreted as
transitions towards the GDR and, thus, are suppressed in the isoscalar channel. On the other side,
for (γ, γ′) experiment the strengths in two regions are similar. In another (17O,17 O’γ) experiment, the
isoscalar component of the PDS has been extracted for 140Ce [361]. In Ref. [362], the isospin character
of the PDS has been explored for the first time in unstable nucleus, in neutron-rich 20O [362]. By
comparing two spectra, obtained from a dominant isovector probe (20O+Au) and a dominant isoscalar
probe (20O + α), the evidence for different underlying structures has been obtained [362]. Signatures
of the collectivity in the PDS have been explored within the RPA [363] and self-consistent RPA with a
finite-range interaction [364], fully self-consistent Skyrme HF+RPA [365], fully self-consistent relativis-
tic (Q)RPA [366, 249], and the RQTBA [366]. As shown in Refs. [365, 249], for the isovector dipole
operator, the reduced transition probability B(E1) of the PDS is rather small because of pronounced
cancellation of neutron and proton partial contributions. On the other side, the isoscalar-reduced
transition amplitude is mainly determined by neutron particle-hole configurations, most of which add
coherently, and this results in a collective response of the PDSs to the isoscalar dipole operator [249].
As already discussed in previous sections, the properties of isovector dipole transitions (e.g., dipole
polarizability, the IVGDR excitation energy, etc.) are correlated with the neutron-skin thickness and
symmetry energy parameters. Fig. 45 shows the isovector dipole transition strength distribution for
132Sn [367], calculated with the relativistic RPA for the family of DDME interactions characterized by
the symmetry energy at the saturation density, J =30,32,...,38 MeV [79]. In addition to the strong
peak corresponding to the IVGDR, the pygmy strength appears in the low-energy region at E < 10
MeV. The transition strength of the main IVGDR peak is slightly increasing and shifting toward lower
energies with increasing J . The PDS appears strongly dependent on J ; its transition strength increases
more than a factor of two within given range of J-values. In the right panel in Fig. 45 the properties
of the PDS are shown for even-even 116−136Sn isotopes as a function of J and neutron skin thickness
∆rnp ≡ ∆R. This includes the sum of inverse energy weighted strength (αD(low)) and transition
strength (m0) at excitation energies below 10 MeV. Clearly, the PDS quantities m0 and αD(low) display
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Figure 44: . The reaction cross sections for 124Sn(17O,17 O’γ) experiment in comparison with the results
from (α, α′γ) [356] and (γ, γ′) [304] scattering. See text for details. Figure taken from Ref. [359].
a correlation with J (∆rnp). Their slopes with respect to J appear different, i.e., more neutron-rich
(open shell) nuclei are more sensitive to the increase of the J value. Therefore, by considering the
respective experimental data on the PDS, the properties of the symmetry energy and neutron skin
thickness could be estimated. In Ref. [320], a strong correlation between the neutron skin thickness
and the fraction of the dipole polarizability exhausted by the PDS in 208Pb has also been found in the
analysis using FSUGold family of interactions.
In order to explore the relationships between various observables, properties of finite nuclei, and
neutron matter properties, in Refs. [306, 368] correlation analysis has been performed within self-
consistent EDFs of the Skyrme type. It has been shown that while the correlation between the dipole
polarizability and the neutron skin thickness is strong, in the case of the low-energy dipole strength the
respective correlation is weak. This result is at variance with respect to the studies providing evidence
that the correlation between the neutron skin thickness and PDS is strong, with even larger sensitivity
than the dipole polarizability [320, 367, 369]. Since the dipole polarizability is proportional to the
inverse energy-weighted sum, the PDS exhausts its considerable fraction, thus similar correlation trend
with respect to ∆rnp is expected for the pygmy strength and dipole polarizability, as shown in Fig. 6 in
Ref. [320]. As pointed out in Ref. [369], both the PDS and dipole polarizability display strong sensitivity
on the symmetry energy parameter J , that is more pronounced in neutron-rich isotopes. On the other
side, the covariance analysis seems to be strongly cut-off dependent [368] and model dependent (see
Fig. 8 above, and Fig. 5 in Ref. [369]).
The pioneering study in deriving J and ∆rnp from the PDS in unstable nuclei 130,132Sn has been
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Figure 45: Left panel: The isovector dipole strength distribution for 132Sn based on relativistic RPA
calculations with DD-ME [79] family of interactions. Right panel: the sum of inverse energy weighted
strength (αD) and transition strength (m0) below 10 MeV shown as functions of the symmetry energy
at saturation J and neutron skin thickness ∆rnp ≡ ∆R for Sn isotopes. Figure taken from Ref. [367].
performed in Ref. [370], based on the relativistic EDFs and experimental data on the PDS from Coulomb
dissociation of high-energy radioactive beams of Sn isotopes. The following values have been obtained
J = 32.0 ± 1.8MeV, L ≡ 3p0/ρ0 = 43 ± 11 MeV and ∆rnp = 0.24 ± 0.04 fm for 132Sn, as well as
∆rnp = 0.18± 0.035 fm for 208Pb.
In Ref. [329], the symmetry energy has been explored in the study of IVGDR and pygmy strength
using different sets of relativistic EDFs. The comparison of the calculated PDS with the experimental
data for 132Sn resulted in the symmetry energy at the density ρ = 0.1 fm−3 within the range from 21.2
MeV to 22.5 MeV. By employing the experimental data on the PDS in 68Ni [312] and 132Sn [370] the
constraints on the slope of the symmetry energy L, and ∆rnp have been estimated in Ref. [371]. The
analysis is based on several Skyrme functionals, as well as on meson-exchange EDFs, in order to cover
a broad range of L values. Fig. 46 shows the linear fits of the theoretical results for the pygmy EWSR
vs. L dependence, as well as for J vs. L relationship [371]. By implementing the experimental values
for the pygmy EWSR for 68Ni and 132Sn, and evaluating the weighted average over the two nuclei, the
following constraints have been obtained: L =64.8±15.7 MeV and J = 32.3±1.3 MeV [371]. Therefore,
as discussed in Ref. [371], the PDS leads to estimate the parameters governing the density dependence
of the symmetry energy.
Within the harmonic oscillator shell model and a semi-classical Landau-Vlasov approach, the PDS
has been explored in neutron rich nuclei, in relation to the density dependence of the symmetry en-
ergy [372]. Within the same approach, the correlation between the neutron skin thickness and the
low-energy dipole response has been explored. A linear correlation between the EWSR associated to
the PDS and the ∆rnp has been confirmed [373]. In Ref. [332], a systematic analysis of the PDS re-
lation to the symmetry energy parameters based on the HF+RPA using Skyrme functionals has been
performed, indicating that the PDS makes the αDJ − L correlation strong and the slope of the linear
function steep. A consistent study of various constraints on J and L, based on relativistic family of
DDME interactions [79], including results based on the PDS in 68Ni, 130,132Sn, but also αD, IVGQR
and AGDR excitation energies in 208Pb resulted in weighted average value J = 32.5 ± 0.5 MeV and
L = 49.9± 4.7 MeV.
There are many very recent theoretical developments that could impact future studies of the EoS
properties based on the PDS. One of the first ab initio studies of the PDS has only recently been
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For more details on the interactions employed see in [371]. Figure taken from Ref. [371].
reported, based on the approach that combines the Lorentz integral transform with the coupled cluster
method and using the N3LO scheme [374]. There are, however, limitations of the model, which are
consistent with the over-binding, too small charge radius and dipole polarizability for 40Ca. The role of
the shell effects on the PDS has been explored within the self-consistent quasi-particle random-phase
approximation with the D1S Gogny interaction and a continuum-RPA model with the SLy4 Skyrme
force [375]. It has been shown that due to the shell effects the isospin structure of the PDS may depend
on the mass region.
A number of studies includes developments of theory frameworks with explicit treatment of defor-
mation effects, focused on the PDS. These include, e.g., axial-deformed QRPA with Gogny force [295,
209, 376] and deformed QRPA with particle-hole residual interaction derived from a Skyrme interaction
through a Landau-Migdal approximation [377]. In the framework of relativistic EDFs, recent develop-
ments include deformed relativistic Hartree-Bogoliubov model and relativistic RPA for axially symmet-
ric nuclei [292]. Within this framework the dependence of the PDS on the difference of deformations for
the ground state neutron and proton density distributions in 132−162Sn has been explored, showing their
linear dependence. In another approach, QRPA with the translational invariant Hamiltonian using de-
formed mean field potential has been employed in studies of electric dipole excitations, indicating that
the strength below the threshold may be interpreted as the main fragments of the PDS [378]. Within
a fully symmetry unrestricted (3D) time-dependent DFT approach based on Skyrme functional [294],
model calculations could not provide any evidence of a PDS in 172Yb using different Skyrme interactions,
while there are experimental results indicating the PDS existence in this case [379].
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Figure 47: The transition dipole strength distributions for 130Sn and 132Sn calculated within the RQTBA
with 1 MeV smearing, RQTBA with the convolution using the detector response, in comparison to the
experimental data [380].Figure taken from Ref. [366].
In order to establish a more direct link between theoretical descriptions on the PDS with the exper-
imental data, the effects going beyond the QRPA need to be included, such as coupling to collective
vibrations that generates spectra with a multitude of two-quasi-particle plus phonon states, providing
in this way a considerable fragmentation of the giant resonances as well as the PDS [302]. This has
been achieved within the relativistic quasi-particle time blocking approximation (RQTBA) based on
the covariant EDF [366, 303]. Fig. 47 shows the E1 transition spectra for 130,132Sn, obtained from the
experiment and model calculations by the RQTBA [366]. By convoluting the calculated spectra with
the detector response, realistic description of the experimental data [380] has been achieved. Recent
developments also include RQTBA upgrade with two-phonon model [381].
The effects of the complex configurations on the properties of the PDS in neutron-rich Ca isotopes
have been studied within the Skyrme QRPA calculations including the phonon-phonon coupling [382],
as well as within the relativistic approach based on the RQTBA [303]. In Ref. [233] the RPA has been
extended by including the quasi-particle-phonon coupling at the level of the time-blocking approximation
(TBA). All matrix elements were derived consistently from the given energy-density functional and
calculated without any approximation. In addition, the single-particle continuum has been included,
and in this way the artificial discretization usually implied in RPA and TBA has been avoided [233].
Finally, in Ref. [333] the equation of motion phonon method has been employed to perform a fully
self-consistent calculation in a space spanned by one-phonon and two-phonon basis states using an
optimized chiral two-body potential[333]. In this way, the role of the two-phonon states has been
demonstrated in enhancing the fragmentation of the giant resonances and low-energy excitations, thus
reaching an improved consistency with the experimental data. Clearly, significant effects that result
in considerable fragmentation of the PDS strength, and some redistribution of the strength in general,
will have important implications for the future studies of the symmetry energy based on the PDS.
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6.2.4 Isovector giant quadrupole resonance
Another highly collective mode, the isovector giant quadrupole resonance (IVGQR), has been rather
difficult to measure due to its high excitation energy, large width, relatively small excitation cross
section, and lack of a highly sensitive experimental probe [36, 37]. Only recently a precise measurement
of the IVGQR in 209Bi has been achieved, using polarized Compton scattering at the HI~γS facility and
a novel technique that allowed precise extraction of the resonance parameters, in particular, the energy
EIVx = 23.0±0.13(stat.)±0.18(syst.) MeV and the width Γ = 3.9±0.7(stat.)±0.6(syst.) MeV [37]. Since
the restoring force of the IVGQR depends on the symmetry energy of the EOS, accurate measurement
of the IVGQR excitation energy [37] opened perspective for detailed studies of the symmetry energy.
In Ref. [101] model calculations based on relativistic and non-relativistic EDFs demonstrated a
strong correlation between (EIVx ) with the neutron skin thickness ∆rnp. Within a macroscopic model
based on assumptions of the liquid drop model, an analytic expression has been derived [101], that
expresses the symmetry energy S(ρA) (where ρA is the density at which the symmetry energy of the
infinite system equals the symmetry energy of the finite nucleus with mass number A) in terms of the
excitation energies of IVGQR (EIVx ), ISGQR (EISx ), and the Fermi energy at nuclear saturation εF∞ ,
that is,
S(ρA) =
εF∞
3
{
A2/3
8ε2F∞
[(
EIVx
)2 − 2 (EISx )2]+ 1} . (55)
By inserting the weighted averages of the experimental values for EIVx = 22.7 ± 0.2 MeV and EISx =
10.9± 0.1 MeV (see Table I in Ref. [101]), and by using ρA=208 = 0.1 fm−3, the following value for the
symmetry energy has been obtained, S(0.1 fm−3) = 23.3± 0.6 MeV [101] (note that the reported error
does not contain an estimation on the model error but just a propagation of the experimental errors),
in agreement with the value from Ref. [273], 23.3 MeV ≤ S(0.1 fm−3) ≤ 24.9 MeV.
Within a droplet model approach, the neutron skin thickness ∆rnp can also be explicitly related to
the GQR excitation energies [101],
∆rnp −∆rsurfnp
〈r2〉1/2 =
2
3
(I − IC)
{
1− εF∞
3J
− 3
7
IC
I − IC −
A2/3
24εF∞
[(
EIVx
)2 − 2 (EISx )2
J
]}
, (56)
where I = (N − Z)/A is the relative neutron excess, IC = e2Z/(20JR) is a Coulomb correction to
the neutron excess and ∆surfnp denotes the surface contribution to the neutron skin thickness [383]. By
employing this expression, the neutron skin thickness can be calculated from the experimental GQR
energies. One should note that the parameters J and ∆rsurfnp contain a non-negligible uncertainty. At
present, the value for J could be adopted from systematic analyses [103, 106]. In Ref. [101] the value
of somewhat larger uncertainty has been employed, J = 32 ± 1 MeV, and ∆rsurfnp = 0.09± 0.01 fm [383]
have been adopted.The resulting neutron skin thickness equals ∆rnp = 0.22 ± 0.02 fm, at the upper
limit from systematic estimates [103].
The dependence of ∆rnp on
[(
EIVx
)2 − 2 (EISx )2] /J established within the droplet model (Eq. 56),
has also been tested in a microscopic analysis [101] based on non-relativistic and relativistic EDFs,
i.e., SAMi-J [258] and DD-ME [79] families of functionals. As shown in Fig. 48, the two quantities
are strongly correlated, however, different slopes are obtained for SAMi-J and DD-ME functionals.
The resulting range of neutron skin thickness values is rather broad, ∆rnp = 0.14 ± 0.03 fm, however,
consistent with previous studies: ∆rnp = 0.18 ± 0.03 fm [103], and ∆rnp = 0.188 ± 0.014 fm [384]. In
the next step, slope parameter of the symmetry energy at saturation density (L) has been determined
from ∆rnp , by exploiting a strong correlation between ∆rnp for 208Pb and L (see the right panel in
Fig. 48 and Fig.17) [101]. The resulting value of slope parameter equals L = 37± 18 MeV.
The possibility to extract the density dependence of the symmetry energy from the IVGQR and IS-
GQR data has been explored in systematic calculations within a framework based on TDHF+BCS [263]
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Figure 48: (Left panel) Neutron skin thicknesses ∆rnp for 208Pb as functions of [(EIVx )2 − 2(EISx )2]/J ,
calculated with the SAMi-J [258] and DD-ME [79] functionals. The respective experimental data and
its uncertainty are shown as a vertical band. (Right panel) Neutron skin thickness ∆rnp for 208Pb as
a function of the slope parameter L of the symmetry energy at saturation density. Figure taken from
Ref. [101].
for two functionals, SLy4 [92] and SkM* [385]. As pointed out in Ref. [92] the TDHF+BCS approach
is predictive for the energies of the low-lying state but not for B(E2) values, while the QRPA, and thus
TDHFB, improve the comparison but still miss part of the collectivity. By implementing calculated
values for EIVx and EISx in Eq. 55 over a large number of nuclei, the symmetry energy has been deter-
mined as a function of the mass number A (see Fig. 49(a)). In the next step, mass dependence has been
transformed into an effective density dependence following Ref. [102],
ρ = ρ0 − ρ0/(1 + cA1/3), , (57)
where c is set to impose ρ = 0.1 fm−3 for the 208Pb, and saturation density is set as ρ0 = 0.16 fm−3,
leading to c = 0.28 [92]. The resulting symmetry energy as a function of density, extracted from the
GQR excitation energies, is shown in Fig. 49(b), in comparison with the symmetry energy directly
obtained for SLy4 [92] and SkM* [385] functionals. In addition, the symmetry energy has also been
calculated directly from the experimental data on ISGQR and IVGQR [265, 38, 386]. Since data are
rather limited, to smooth out the uncertainty on experimental collective energies in order to cover a wider
range of nuclei, a polynomial fit of the experimental points has been used instead of the experimental
points themselves [92]. The resulting error bars appear rather large, and considerable differences could
be observed between the symmetry energy from the calculated and experimental GQR energies. Due to
differences in GQR excitation energies calculated using two different functionals, the resulting symmetry
energy displays considerable model dependence. In addition, the symmetry energies extracted from the
GQR are systematically lower than the ones obtained analytically in infinite nuclear matter for the Sly4
and SkM* functionals. The slope is also different between the infinite system and finite system cases.
As pointed out in Ref. [92], considerable differences in the symmetry energy indicate the presence of
subtle finite size effects and model dependence in the description of the GQRs, that necessitate further
studies.
In addition to giant quadrupole resonances, recent calculations with the HFB + quasi-particle
phonon model (QPM) suggested the existence of low-energy quadrupole strength of a unique struc-
ture, denoted as pygmy quadrupole resonance [257]. The analysis of spectral distributions, electric
quadrupole response functions and transition densities of this low-energy strength showed that it may
have origin in the oscillations of neutron or proton skins against the nuclear core [257]. In recent study
a number of Jpi = 2+ states in 124Sn have been populated and identified with (17O,17 O’γ) reaction,
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taken from Ref. [263].
similar to the QPM prediction [388]. In recent study (α, α′γ) and (γ, γ′) experiments were performed
on 124Sn, thus providing complementary probes to populate Jpi = 2+ states [389]. The excitation of
surface mode in (α, α′γ) experiment supports the quadrupole-type oscillation of the neutron skin, as
predicted by QPM calculations. Based on γ-decay branching ratios, non-statistical character of the E2
strength has been concluded, similar as in previous studies of the PDS [389]. Further studies to resolve
the properties of these low-energy quadrupole states are necessary, as well as to resolve its potential in
constraining the symmetry energy.
6.3 Charge-exchange modes
6.3.1 Isobaric analog resonance
The basic charge-exchange mode of excitation is the isobaric analog state (IAS) or isobaric analog
resonance (IAR). The theoretical operators that realize such a transition are the isospin Pauli matrix
τ− that exchanges neutrons into protons and τ+ that does the opposite. In both cases all the other
quantum numbers are unchanged ∆J = ∆L = ∆S = 0. The IAR represents an important benchmark
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Figure 50: Left panel: The mass dependence of the asymmetry coefficient aA(A) with error estimates,
extracted from excitation energies to ground-state IAS within individual isobaric chains with shell
corrections applied. The line represents a fit at A ≥ 30, assuming a surface-volume competition in
the asymmetry coefficient. Right panel: Symmetry energy in uniform matter as a function of density,
showing the IAS constraints, their extrapolations to supra-normal (ρ > ρ0) and low (ρ < ρ0/4) densities
and comparison with the results for three Skyrme parametrizations. Figure taken from Ref. [325].
test for theoretical approaches to charge-exchange transitions. In addition, its energy represents a
reference point in studies of the neutron skin thickness and symmetry energy when using other charge-
exchange modes, e.g., Gamow-Teller, spin-dipole, and anti-analog giant dipole resonances, as will be
discussed in the following subsections. We refer for more details on the IAR investigations in papers [390,
391, 392, 393, 394, 395, 258] and references therein.
The excitation energy of the IAS (EIAS) is defined as the energy difference between the analog state
|A〉 and the parent state |pi〉 (see Fig.57). The parent state is an eigenstate of the Hamiltonian H with
N neutrons and Z protons and the analog state is defined [390] as |A〉 ≡ T−|pi〉〈pi|T+T−|pi〉−1/2 where
T± ≡ 12
∑A
i τ±. Hence,
EIAS = 〈A|H|A〉 − 〈pi|H|pi〉 = 〈pi|[T+, [H, T−]]|pi〉〈pi|T+T−|pi〉 . (58)
Due to the structure of Eq.(58), EIAS depends on isospin breaking parts of the H only. In nuclear
physics, the main isospin breaking term is known to be due to the Coulomb interaction. Therefore, the
bulk contribution to Eq.(58) will be due to the difference in the expectation value of the Coulomb matrix
elements between proton and neutron distributions. Since we do not know the exact wave function for
the parent state, one can approximately evaluate EIAS by assuming the independent particle picture
with single-particle states with good isospin quantum number in |pi〉. This would lead to
EIAS ≈ 1
N − Z
∫
[ρn(~r)− ρp(~r)]UdirectC (~r)d~r, (59)
where UdirectC (~r) is the direct part of the Coulomb energy potential
UdirectC (~r) =
∫
e2
|~r′ − ~r|ρch(~r
′)d~r′ (60)
The exchange contribution can be evaluated in an analogous way. In order to gain some insights
into the physics behind the IAS, we can resort on a simple model to evaluate Eq.(59). Assuming a
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uniform neutron and proton distributions of radius Rn and Rp = Rch respectively, one can evaluate the
Coulomb energy potential as
UdirectC (~r) =
{
Ze2
2Rp
(
3− r2
R2p
)
for r < Rp
Ze2
r
for r > Rp
and, therefore, obtain a simple formula for estimating the main contribution to EIAS in terms of physical
quantities
EIAS ≈ 6
5
Ze2
Rp
(
1−
√
5
12
N
N − Z
∆Rnp
Rp
)
≡ ∆EC(Z)
(
1−
√
5
12
N
N − Z
∆Rnp
Rp
)
, (61)
where ∆EC(Z) is the Coulomb energy difference between the parent (N,Z) and daughter (N−1, Z+1)
nucleus within this simple approximation. This can be seen as follows
∆EC(Z) =
3
5
(Z + 1)Ze2
R
(N−1,Z+1)
ch
− 3
5
Z(Z − 1)e2
R
(N,Z)
ch
=
3
5
Z2e2
(
R
(N,Z)
ch −R(N−1,Z+1)ch
)
R
(N,Z)
ch R
(N−1,Z+1)
ch
+
3
5
Ze2
(
R
(N,Z)
ch +R
(N−1,Z+1)
ch
)
R
(N,Z)
ch R
(N−1,Z+1)
ch
, (62)
where a competition between two terms exists. If we assume, as before, Rp = Rch and R
(N,Z)
ch =
R
(N−1,Z+1)
ch
∆EC(Z) =
6
5
Ze2
Rp
. (63)
According to Eq.(61), the EIAS should decrease with increasing neutron skin thickness [169] as long as
this simplified model keeps the relevant physics of the studied observables (see Fig.51).
In Ref. [103], it was pointed out that the energy differences between the ground state for a nucleus
with N > Z and the isobaric analog of the ground state of neighboring isobar are given by the symmetry
energy as Eq.(61) confirms from a macroscopic perspective. In Ref. [325] the IAS has been exploited
to evaluate nuclear asymmetry coefficients aA(A)27 for the symmetry energy term (N − Z)2/A in the
Bethe-Weizsäcker mass formula [20], on a nucleus-by-nucleus basis. Asymmetry coefficients obtained in
this way resulted in a variation of values, from aA(A ∼ 10) ≈ 10 MeV toward aA(A ∼ 240) ≈ 22 MeV.
Fig. 50 (left panel) shows the mass dependence of the asymmetry coefficient aA(A), supplemented
with error estimates, extracted from excitation energies to ground-state IAS within individual isobaric
chains. The energies involved in the analysis are corrected for the shell effects with the estimate from
Ref. [396, 397]. Assuming a surface-volume competition in the asymmetry coefficient as the one used in
Sec.2, aA(A) has been successfully fitted in the region A ≥ 30 (see figure). We note that the obtained
coefficients (reported in the legend of the figure) are in reasonable agreement with the ones discussed in
Sec.2. In the consideration based on density functional theory, a relation has been established between
the densities of neutrons and protons in a nucleus and the asymmetry coefficient, in the presence of
Coulomb effects [325]. By interpreting variation with mass in terms of dependence of the symmetry
energy on density, constraints on the symmetry energy have been determined. Fig. 50 (right panel)
shows the symmetry energy in uniform matter as a function of density, showing the IAS constraints
from Ref. [325], their extrapolations to supra-normal (ρ > ρ0) and low (ρ < ρ0/4) densities. The results
for the symmetry energy are compared with those for the Skyrme parameterizations SKz3, ska25s20,
and Gs [398, 399]. The ska25s20 parameterization communicated for the work in Ref. [325] appears
27That we have approximately written as aA − aASA−1/3 in Sec.2.
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Figure 51: The relationship between the energy of the IAS as a function of neutron skin thickness
in 208Pb calculated using SAMI-J interaction with (i) the exact Coulomb exchange and (ii) the Slater
approximation. The results are shown in comparison with those of the DD-ME [79] family of interactions
and experimental data. Figure taken from Ref. [401].
in agreement with the IAS constraint, while this is not the case for SKz3 and Gs interactions. By
supplementing constraints based on the IAS with the information on neutron skin thicknesses, more
tight limits for the symmetry energy have been obtained [325]: 30.2 MeV< J < 33.7 MeV and 35
MeV< L < 75 MeV.
Over the past years, several self-consistent theory frameworks have been developed and benchmarked
in studies of the IAS properties. Fully self consistent HF-BCS plus charge-exchange QRPA has been
developed using Skyrme functionals and density-dependent pairing force [400]. Calculated energies
of the IAS along Sn isotope chain have been accurately reproduced. In further development of the
self-consistent HF+RPA[401], two points have been improved, (i) the exchange term of the two-body
Coulomb interaction is treated exactly, and (ii) two parameters spin-orbit interaction is treated in a
consistent way within the EDF approach. Fig. 51 shows the dependence of the relationship between the
energy of the IAS as a function of neutron skin thickness in 208Pb calculated using SAMi-J interaction
with (i) the exact Coulomb exchange and (ii) the Slater approximation. In addition to the results with
the Skyrme functional, for comparison the results are shown from the relativistic RPA calculations based
on the DD-ME [79] set of interactions, as well as the experimental data [402]. Although the results of
model calculations appear rather close to the measured IAS energy, all the functionals underestimate
experimental data. Although the exact implementation of the exchange term of the two-body Coulomb
interaction somewhat improved the situation with respect to the experimental data, it did not resolve
the systematic discrepancy [169].
Fully self-consistent proton-neutron QRPA with axial symmetry has also been developed for the
finite-range Gogny interaction and employed in description of IAS and GTR [403]. The first relativistic
RPA calculations of the IAS properties have been reported in Ref. [404], and further developments for
open shell nuclei include the relativistic Hartree-Bogoliubov model plus relativistic QRPA [395]28. Since
a complete QRPA formalism includes T=1 and T=0 pairing channels, where T=1 channel includes the
same pairing interaction as in the ground state calculations, while T=0 channel remains open, and its
strength could be constrained on excitation properties such as low-lying GT strength or β-decay rates.
The IAS has also been used as a benchmark test for the recently established self-consistent relativistic
QRPA based on the relativistic Hartree-Fock-Bogoliubov theory [405].
28Bogoliubov refers to a formalism to take into account pairing correlations in open shell nuclei [20].
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In order to provide microscopic description of the widths of IAS, a self-consistent particle-phonon
coupling model has been established and exploited in the case of 208Bi. It has been shown that quan-
titative agreement with experimental data for the IAS energy and the width could only be reproduced
if the effects of isospin-breaking nuclear forces are taken into account, in addition to Coulomb force
effects [394].
6.3.2 Gamow-Teller resonance
The Gamow-Teller resonance is a collective excitation with Jpi = 1+ corresponding to coherent change
of the nucleon spin and isospin orientations without changing its orbital motion. The GT operator
depends on the spin σ and isospin operator τ− that exchanges neutrons into protons (GT−) or τ+
that exchanges protons into neutrons (GT+). Hence, GT− transitions will dominate in nuclei with
neutron excess. The GT− strength distribution is composed from three components [395]. Direct spin-
flip transitions (νj = l + 1
2
→ pij = l − 1
2
where ν label refer to a neutron state and pi label to a
proton state) dominate the main resonance region. The low-energy tail of the strength distribution
corresponds to core-polarization (νj = l± 1
2
→ pij = l± 1
2
), and back spin-flip (νj = l− 1
2
→ pij = l+ 1
2
)
transitions [395]. Since in the GT− channel the mode is induced mainly by the excitations of excess
neutrons, it can provide useful information about the role of neutrons in nuclear ground and excited
states.
The GTR has been predicted more than 50 years ago [406], and in 1975 it has been experimen-
tally confirmed in (p, n) reactions [407]. Ever since, the GTR represents one of the most extensively
investigated collective excitation in nuclear physics (for more details see e.g., [408, 409]). More recent
interest in the GTR is motivated by its relevance for understanding nuclear structure and spin-isospin
dependence of modern effective interactions [410, 411, 412, 413, 414, 415, 416, 417], nuclear beta de-
cay [418, 419, 420] and beta delayed neutron emission [421]and double-beta decay [422, 423, 424, 425,
426, 427, 428, 429]. Detailed knowledge of GT± transitions, not only in stable nuclei but also away
from the valley of stability, is of a particular importance for understanding weak interaction rates in
stellar environment [430, 431, 432, 433, 434], r-process stellar nucleosynthesis [435, 436] and nuclear
response to low-energy neutrinos of relevance for neutrino detectors and neutrino nucleosynthesis in
stellar environment [437, 438, 439, 440, 441, 442, 443].
From the perspective of this review, the focus is on the role of the GTR, as a collective spin-
isospin oscillation, in determining the neutron skin thickness and in this way constraining the neutron
matter EOS. The spin-isospin characteristics of the GTR and the IAS are related through the Wigner
supermultiplet scheme. The Wigner SU(4) symmetry implies the degeneracy of the GTR and IAS,
that is, however, broken by the spin-orbit term of the effective nuclear interaction [444, 445]. As noted
in Refs. [444, 445], the energy difference between the GTR and the IAS decreases with increasing
asymmetry (N − Z)/A. It is implicit, therefore, that the energy difference between the GTR and the
IAS reflects the magnitude of the effective spin-orbit potential. With increasing the neutron number,
the magnitude of the spin-orbit potential becomes reduced [446], and this is reflected in the larger
spatial extension of the neutron density and increased neutron skin thickness.
Accordingly, a method has been suggested to determine the difference between the radii of the
neutron and proton density distributions ∆rnp along Sn isotope chain, based on measurements of GTR
and IAS excitation energies [447]. Fig. 52 (left panel) shows the differences between the GTR and IAS
excitation energies for even-even isotopes 112−124Sn, based on relativistic Hartree-Bogoliubov (RHB)
plus proton-neutron relativistic QRPA calculations [237] with DDME2 [231] interaction. The model
calculations of the GTR-IAS energy spacings appear in reasonable agreement with the experimental data
from (3He, t) reactions [393]. In the next step, the differences between the GTR-IAS excitation energies
are displayed as a function of the neutron skin thickness of Sn isotopes under considerations, calculated
within the RHB model (right panel in Fig. 52). Model calculations established a strong correlation
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Figure 52: Differences between the GTR and IAR excitation energies for even-even isotopes 112−124Sn
calculated with the RHB+RQRPA with DD-ME2 [231] interaction (left panel). The same excitation
energy differences shown as a function of the neutron skin thicknesses calculated with the RHB model
(right panel). Experimental data on the GTR and IAR energy differences are from Ref. [393] and the
values for neutron skin thicknesses are from analysis in Ref. [448]. Figure taken from Ref. [237].
between the GTR-IAS energy spacings and neutron skin thickness. Clearly, the implementation of
experimental data on the GTR with respect to IAS allows constraining the value of ∆rnp. Fig. 52
also shows the experimental data points for the excitation energies [393] and neutron skin thicknesses
from the analysis in Ref. [448]. Some differences exist between the theoretical and experimental results,
especially for more neutron-rich Sn isotopes. One should note that experimental values for ∆rnp are
model dependent and based on the analysis of isovector spin-dipole resonances. Clearly, more systematic
studies, both theoretically and experimentally are needed to exploit fully the GTR as a constraint for
∆rnp, as well as the symmetry energy of the EOS.
From the experimental side, very recent progress on GT− excitation spectra includes high energy-
resolution measurements based on (3He, t) reactions for 82Se [449], 48Ti [450], 90Zr [451] targets. In
the case of high-resolution study of 42Ca(3He, t)42Sc reaction, the GT transition spectra resulted in the
appearance of the low-energy super-GT state at 0.611 MeV, while other states are suppressed [452].
On the other side, measurements of GT+ transitions also provided data for 45Sc(t,3He + γ) [453] and
56Fe(t,3He)[454] reactions. GT transitions have also been explored in β-decay of rare earth nuclei above
146Gd [455].
Microscopic modelling of the GTR has also progressed over the past few years. Skyrme EDFs
used in QRPA calculations have been improved, resulting in the SAMi functionals [456] with upgraded
fitting protocol and improved spin-orbit potential needed for description of different proton high-angular
momentum spin-orbit splittings. Furthermore, empirical hierarchy and positive values found in previous
analysis of the spin (G0) and spin-isospin (G0′) Landau-Migdal parameters, 0 < G0 < G0′, have
been taken care of. Another improvement of non-relativistic approaches is implementation of tensor
correlation effects in QRPA description of the GTR, that result in redistribution of the main GTR
strength to lower energy peaks, and also to high-energy tails [457]. The analysis of GTR based on
Skyrme EDF supplemented with the tensor terms, showed that the resonance centroids are sensitive
to the adopted strengths of the triplet-even and triplet-odd tensor interactions [458]. In Ref. [459] the
main GT peaks in 90Zr and 208Pb are shifted downwards by about 2 MeV when tensor contributions
are included.
The proton-neutron QRPA has also been established in the framework of D1M Gogny force, and
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employed in studies of even and odd 90−94Zr isotopes [460]. The continuum RPA which treats the
continuum part of the single-particle spectrum without approximations has recently been extended for
studies of charge-exchange excitations, including Fermi, GTR and spin-dipole excitations, indicating
the importance of correct implementation of continuum configuration space and tensor terms of the
interaction [461]. Another relevant aspect is nuclear deformation effect on charge-exchange excited
states, as shown in recent implementation of the deformed quasi-particle random-phase approximation
in the study of GT transitions for 24,26Mg [462].
In the relativistic framework, the GTR has also been described within the relativistic RHB + proton-
neutron RQRPA based on density dependent meson-nucleon vertex functions [395] and relativistic
Hartree + RPA with non-linear σ-meson self-interaction terms [463]. In Ref. [411] the effects of finite
momentum transfer, arising in the higher-order terms in the transition operator, have been explored in
the case of GTR, indicating that the total strength is only slightly enhanced in nuclei with small neutron-
to-proton ratios, while it is not affected with increasing neutron excess. Furthermore, fully self-consistent
relativistic QRPA has been formulated in the canonical single-nucleon basis of the relativistic Hartree-
Fock-Bogoliubov theory, and successfully applied in the description of charge-exchange excitations,
including GTR [405, 464].
In order to account for the effects going beyond simple excitations at the ph level, further improve-
ments of theory frameworks are mandatory. In Ref. [465] the 2p2h effects on the GTR has been explored
in neutron-rich nuclei 24O, 34Si, and 48Ca within the second Tamm-Dancoff approximation with Skyrme
interaction. It has been shown that by including complex configurations considerable amount of the
total GT strength is shifted toward higher energy region above the GTR. However, for a complete un-
derstanding, the model should be further extended toward fully consistent second RPA. Another model,
based on self-consistent HF+RPA has been established in Ref. [466], where the Skyrme interaction has
been used to obtain the coupling between particles and vibrations, in order to provide mixing of the
GTR with a set of doorway states, leading to the fragmentation of the overall transition strength. Fur-
ther extension, based on self-consistent QRPA plus quasi-particle-vibration coupling (QPVC) model
with Skyrme interactions, successfully reproduced the GTR strength distribution in 120Sn (see Fig. 53).
In the relativistic framework, the spreading effects in the GTR spectra have been accounted for within
the proton-neutron relativistic quasi-particle time-blocking approximation, resulting in considerable
fragmentation of the resonance along with quenching of the strength [467].
Experimentally, the GTR exhausts only about 60−70% of the well-known and model independent
Ikeda sum rule (ISR), which corresponds to m0(GT−) − m0(GT+) = 3(N − Z). To explain this
quenching problem, it has been proposed that the effects of the second-order configuration mixing (2
particle − 2 hole correlations), or the coupling with the ∆− hole excitation had to be considered. The
experimental analysis of 90Zr of Ref.[470] indicates that most of the quenching has to be attributed
to 2p − 2h correlations, while the role played by the ∆ isobar is much smaller. Recently, ab initio
framework based on isospin-breaking coupled-cluster technique has also been tested in description of
GT transitions in light systems 14C and 22,24O [413]. Chiral interactions at next-to-next-to leading order
have been optimized to observables in two- and three-nucleon systems and consistent two-body currents
have been employed. As a result, the two-body currents reduce the Ikeda sum rule, corresponding to a
quenching factor ≈ 0.84− 0.92 of the axial-vector coupling.
6.3.3 Spin-dipole resonance
Excitation of spin-dipole resonance (SDR) represents another mode in the charge-exchange channel that
allows to determine the neutron-skin thickness in finite nuclei and in this way to constrain the neutron
matter EOS. The SDR corresponds to the spin-flip transition ∆S = 1, that is also a dipole mode with
∆L = 1, thus the SDR is composed from three components, ∆Jpi = 0−, 1−, and 2−. The SDR sum rule
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Figure 53: The GT strength distributions for 120Sn calculated by QRPA and QRPA+QPVC models
with Skyrme interaction SkM*, with (a) and without (b) isoscalar pairing. Experimental data are from
(3He, t) (scaled by a factor 1.6) [393] and (p, n) reaction, normalized by the unit cross section [468].
Figure taken from Ref. [469].
includes the difference of the respective β− and β+ transitions,
m0(SDR
−)−m0(SDR+) = 9
2pi
(N〈r2n〉−Z〈r2p〉) ≈
9
2pi
(N−Z)〈r2p〉
(
1 +
2N
N − Z
∆rnp
〈r2p〉1/2
+
N
N − Z
∆r2np
〈r2p〉
)
,
(64)
that involves dependence on the neutron and proton rms radii, the latter being commonly known from
elastic electron scattering. The sum rule approach has been used in Ref. [448] to extract the neutron skin
thicknesses in several Sn isotopes from the experimental data on the SDR. Clearly, the SDR provides
an useful excitation mode for the studies of isovector properties in finite nuclei and EOS. In addition,
the properties of SDR are of particular importance because of its contribution in the charged current
neutrino-nucleus reactions [438, 440, 441, 442, 471].
The first measurement of the SDR has been reported in the investigation of 208Pb(p, n) reaction [472],
and further properties have been studied in Ref. [473]. The SDR has also been measured in (p, n) reaction
with 90,92,94Zr isotopes, and its energy splitting with respect to IVGDR has been explored [474]. Alter-
natively, the SDR has also been studied in (3He, t) charge-exchange reaction, e.g. in Sn isotopes [448].
In Ref. [475] 208Pb(3He, t)208Bi reaction at very forward scattering angles has been employed to study
the microscopic structure of the SDR in 208Bi.
In the early studies of the SDR [472, 473, 474], measurements provided only a combined centroid
energy of all three underlying components ∆Jpi = 0−, 1−, and 2−. More recently some details about the
underlying structure of the SDR became available. In Ref. [476] cross sections and polarization transfer
observables have been measured for the 16O(p, p′) reaction. In this way, the non-spin-flip and spin-flip
transition strengths were separated. It has been shown that part of the 1− spin-flip strengths appears
in the same energy region as the IVGDR states (Ex = 20.9, 22.1, 24.0 MeV), while the resonances at
Ex = 19.0 and 20.4 MeV are observed only in the spin-flip spectra, and are assigned as 2− states [476].
The experimental results are consistent with the shell model calculations [476]. In Ref. [477] a complete
set of polarization transfer observables has been measured for the 208Pb(p, n) reaction. The polarisation
observables have been, for the first time, used to separate the SDR components into different spin-
parity transfer contributions, ∆Jpi = 0−, 1−, and 2− [477]. Fig. 54 shows the respective overall strength
distribution for the SDR, as well as separate distributions for the underlying three components. In
addition to the strong SD resonance, there are also indications for possible appearance of soft spin-
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Figure 54: The SDR strength distributions from multipole decomposition analysis of the 208Pb(p, n)
reaction in comparison to the HF+RPA calculations with SGII [487] interaction including tensor terms
denoted as Te1, Te2, Te3 [458]. Figure taken from Ref. [477].
dipole modes in the low-energy region of excitation spectra [478]. The nature of this soft mode needs
to be further investigated in more details.
In theoretical description of the SDR, approaches based on the HF+RPA have recently been extended
to include the tensor terms of the Skyrme interactions [479, 458]. The tensor force is known to have an
important effect on the spin-orbit splitting and properties of excited states [480, 481, 482, 483, 484, 485,
486]. The tensor correlations result in multipole-dependent effects on the SDR transition strengths,
thus allowing improvements in the agreement of different SDR components with the experimental
data [479, 458]. The relevance of the tensor terms on the SDR is illustrated in Fig. 54, where the results
of HF+RPA calculations with SGII [487] interaction are shown in comparison to the experimental
data. Tensor terms denoted as Te1, Te2, Te3 [458] result in significant modifications of the strength
distributions for different components (especially 0− and 1−) as for the overall SDR strength distribution.
The properties of SDR have also been explored within covariant EDF approaches. The first imple-
mentation of the fully self-consistent charge-exchange relativistic RPA based on the relativistic Hartree-
Fock model established a complete description of the SDR, without any additional adjustments of the
model parameters [405]. It has been shown that the isoscalar meson fields (σ, ω) play an essential role
in spin-isospin resonances through the exchange terms [405]. Due to the Dirac sea effects in the im-
plementation of relativistic framework, the SDR sum rule reduction has been found, 6.4% for 90Zr and
5.4% for 208Pb. The calculated SDR strength distributions for 90Zr reproduced the experimental data.
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Figure 55: The SDR strength distributions for 16O calculated in the relativistic HF+RPA approach
with PKO1 [488] interaction. Different components ∆Jpi = 0−, 1−, and 2−, are shown separately.
Experimental data shown as arrows are adopted from Refs. [489, 490].Figure taken from Ref. [66].
Further successful applications of the covariant DFT approach include analysis of spin-dipole excita-
tions in 16O [66]. Fig. 55 shows the respective strength distributions (T− channel) based on relativistic
HF+RPA with PKO1 [488] interaction. From the comparison with the experimental data, one concludes
that the fine structure of excitation spectra has been successfully reproduced, without any readjustments
of the functional. The first implementations of this approach were non-local and require considerable
numerical effort. In Ref. [66] a new method has been introduced, based on zero-range reduction and
the Fierz transformation, in order to provide localized form of the Fock terms in the covariant DFT.
This approach opened perspective for further developments of local covariant density functionals with
proper isoscalar and isovector properties.
Further extensions of theory frameworks, going beyond the RPA, are necessary to describe the fine
structure of the SDR excitation spectra. Already in the early study in Ref. [491] the damping of the
SDR has been explored in 90Zr within a microscopic framework which in addition to 1p1h configurations
includes coupling to 2p2h configurations. It resulted in the energy dependent spreading width which
shifts a large fraction of transition strength toward high excitation energies. More recently, within
a consistent approach based on covariant DFT [492], charge-exchange version of the particle-vibration
model has been established and realized within relativistic time-blocking approximation (RTBA). Fig. 56
shows the SDR dipole strength distributions for 90Zr, both for T− and T+ channels, calculated with the
RTBA approach, in comparison to relativistic RPA results and experimental data [470, 493]. Due to the
particle-vibration coupling, the SDR transition strength becomes fragmented and part of the strength
is shifted toward higher energies [492]. Clearly, the implementation of the effects going beyond the RPA
are essential, and should be included in the future approaches to constrain the symmetry energy from
the SDR.
The implementation of the SDR in constraining the neutron-skin thickness and symmetry energy is
rather limited. An overview of previous analyses is given in Ref. [97]. In addition to the first study for
Sn isotopes [448], neutron skin thickness has been determined for 90Zr [494]. The analysis in the former
case was limited because only T− transition strength has been available from the experiment. In the case
of 90Zr, the SDR model-independent sum rule has been calculated explicitly using data from both (p, n)
and (n, p) reactions, supplemented by the multipole decomposition analysis [470, 493, 495]. Clearly,
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Figure taken from Ref. [492].
the SDR approach to determine ∆rnp and in this way to constrain the neutron matter EOS, requires
experimental data, simultaneously from (p, n) and (n, p) or (3He, t) and (t,3He) reactions. In the case
of 208Bi, multipole decomposition analysis has been performed for (p, n) reaction [477]. Therefore, as
pointed in Ref. [97], it would be of paramount importance to perform the counter experiment 208Pb(n, p).
6.3.4 Anti-analogue giant dipole resonance
Another charge-exchange excitation mode, observed in (p, n) reactions, is ∆Jpi = 1−, ∆L = 1 resonant
excitation, representing the anti-analog giant dipole resonance (AGDR), that is T0 − 1 component of
the charge-exchange GDR, there T0 denotes ground-state isospin of nuclear target [496, 497, 498]. In
general, due to isovector nature of the (p,n) reaction, the strength of the E1 excitations is distributed
into T0-1, T0 and T0+1 components (see Fig. 57). However, from the consideration of relevant Clebsch-
Gordan coefficients, the T0-1 component (AGDR) is favored compared to the T0 and T0+1, by factors
of T0 and 2T02 [498]. Experimental data on the AGDR have been extracted from (p, n) [499, 473, 500]
and (3He, t) reactions [393], because the observed ∆L = 1 resonance in general corresponds to the
superposition of possible spin-flip dipole (IVSGDR) and non-spin-flip dipole (AGDR) modes. The non-
spin-flip transition is preferred at low bombarding energies below 50 MeV [408]. In all experimental
spectra, a clear peak corresponding to ∆L = 1 transfer has been observed at an energy several MeV
above the GTR. Fig. 58 shows a typical result of multipole decomposition analysis of the (p, n) reaction
on 208Pb target, where the contributions from various multipoles have been separately shown, resulting
in a clear evidence for the AGDR around 26 MeV.
As pointed out in Ref. [502], the excitation energy of the AGDR depends sensitively on the neutron
skin thickness ∆rnp. More recently it has been confirmed by microscopic calculations based on the EDFs
that the energy difference between the AGDR and isobaric analog state (IAS) is very sensitively related
to the corresponding neutron-skin thickness [498]. By comparing the energy differences between AGDR
and IAS, calculated using various EDFs with the experimental data, the values of ∆rnp, as well as the
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Figure 57: The nuclear ground state (Tz = T0) and excited states populated by strong (p, n) reactions,
corresponding to GTR, IVSGDR and AGDR in the daughter nucleus (Tz = T0− 1). Figure taken from
Ref. [498].
Figure 58: Result of multipole decomposition analysis for 208Pb reaction data. Relevant transitions of
various charge-exchange excitation modes are separately denoted. Figure taken from Ref. [501].
symmetry energy parameters could be constrained. Linear dependence between the energy difference
EAGDR−EIAS has also been confirmed in the approach based on the nuclear droplet model [503]. Clearly,
measurements of the AGDR with rare isotope beams will open novel perspectives to determine the
neutron skin thickness in exotic nuclei [504]. In Ref. [498], a family of density dependent meson-exchange
covariant EDFs [79, 231] has been used within the relativistic QRPA to determine the properties of
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Figure 59: Differences between the AGDR and IAS excitation energies and neutron skin thicknesses
for 124Sn calculated using DDME family of interactions [79, 231] (left panel). The same differences are
shown for 208Pb, with SAMi-J [258] and DDME [79] families of interactions (right panel). Experimental
data on excitation energies for 124Sn [499] and 208Pb [501, 505] and extracted values of ∆rnp are denoted
in the two panels. Figure taken from Refs. [498, 401].
AGDR in Sn isotopes. Fig. 59 shows the differences between the AGDR and IAS excitation energies for
124Sn calculated using proton-neutron relativistic QRPA using five effective interactions spanning the
range of values of the symmetry energy at saturation, J =30,32,34,36, and 38 MeV [498].The estimate
of theoretical uncertainty of 10% is denoted by two parallel lines in the figure.
Comparison with the experimental data for 124Sn, E(AGDR) − E(IAS) = 10.93 ± 0.20 MeV,
obtained from the measured value E(AGDR) − E(IAS) = 10.60 ± 0.20 MeV [499] after correcting
for the admixture of the spin dipole resonance, provided a constraint on the neutron skin thickness,
∆rnp = 0.205 ± 0.050 fm [498]. In Ref. [501] the AGDR data from 208Pb(p, n) reaction have been
separated from other excitations such as the spin-dipole resonance by multipole decomposition. In this
way, the energy difference between the AGDR and IAS has been found to be ∆E = 8.69 ± 0.36 MeV,
with both statistical and systematic uncertainties included. The analysis based on the results of model
calculations using the relativistic QRPA with DDME [79] interactions, resulted in the neutron skin
thickness value for 208Pb, ∆rnp = 0.216± 0.046± 0.015 fm [501].
In Ref. [503] the energy differences EAGDR − EIAS have been explored in 208Pb using fully self-
consistent HF plus charge-exchange RPA based on Skyrme parameterizations SAMi-J [258] spanning
a range of values of symmetry energy at saturation density J . In a more recent study [401], HF+
charge-exchange RPA calculations have been improved by (i) explicit treatment of the exchange term
of the two-body Coulomb interaction, and (ii) consistent treatment of the spin-orbit interaction within
the EDF theory. Model calculations for 208Pb based on the HF+RPA confirmed the linear correlation
between the AGDR excitation energies and ∆rnp [503, 401]. Fig. 59 (right panel) shows the differences
EAGDR − EIAS for 208Pb obtained within the Skyrme EDFs approach with SAMi-J interactions [258]
and relativistic EDFs based on DDME [79] families of interactions. The non-relativistic and relativistic
model calculations indicate the same correlation, however, with a different slope. Constraints on the
neutron skin thicknesses are obtained from two different experimental data on the AGDR excitation
energies [501, 505]
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Figure 60: Constraints on the symmetry energy slope L and symmetry energy J at saturation density
obtained from the analysis based on the AGDR, in comparison to the results from other approaches
(see in [503] for more details). Updated figure taken from private communcations [506].
Since the measured data on the AGDR are available for 208Pb from two experiments [501, 505],
the average results obtained from the analysis based on SAMi interactions give ∆rnp = 0.236 ± 0.018
fm, J = 33.2 ± 1.0 MeV, and the slope parameter of the symmetry energy at saturation density
L = 97.3 ± 11.2 MeV. The obtained values for J and L appear rather large in comparison to the
constraints obtained from other giant resonances.
Fig. 60 shows the comparison of the constraints on the symmetry energy J and slope parameter L
at saturation density determined from the AGDR in 208Pb, in comparison to the ranges of values from
other investigations based on modeling and experimental data on other nuclear phenomena (more details
are given in Ref. [503], figure is the update from [506]). As shown in the figure, considerable differences
are obtained for the AGDR constraint on L, that may have its origin in the model dependence in the
EDFs employed in the analysis. Clearly, more theoretical and experimental investigations are necessary
to establish more consistent role of the AGDR in constraining the symmetry energy.
In a recent study [507], non-spin-flip vector dipole response in charge-exchange channel has been
explored in neutron rich Ca, Ni, and Sn isotopes by using self-consistent proton-neutron QRPA based on
Skyrme EDF. Model calculations show the emergence of low-lying resonance just below the AGDR, that
corresponds to the anti-analog of the pygmy dipole resonance (APDR). The APDR mode is negatively
correlated with the neutron skin thickness; it shows strong enhancement when neutrons occupy low-
l orbital, but a moderate increase even for l = 3 [507]. Due to its strong sensitivity with the shell
structure, the APDR mode may not be fully reliable to constrain the EOS properties.
7 Conclusion
The present status on the available constraints to the nuclear equation of state (EoS) around saturation
density from ground and collective excited state properties of atomic nuclei has been reviewed. We
have concentrated on the predictions based on self-consistent mean-field calculations, which can be
considered as an approximate realization of an exact EDF. Those are derived from effective interactions
commonly fitted to nuclear masses, charge radii and, in many cases, also to pseudo-data, often related
to the nuclear matter properties. Nuclear EDFs constitute nowadays an unique tool to reliably and
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consistently access bulk ground state and collective excited state properties of atomic nuclei along the
nuclear chart. Such properties are thought to be more clearly connected to the properties of the EoS
than single-particle properties. Comparison with other approaches and constraints from observational
data have been also also discussed. The main conclusion of this review is that the isospin dependence of
the nuclear EoS around saturation density and, to a lesser extent, the nuclear matter incompressibility
remain to be accurately determined. Experimental and theoretical efforts in finding and measuring
observables specially sensitive to the EoS properties is of paramount importance, not only for low-
energy nuclear physics but also for nuclear astrophysics applications.
7.1 Summary on the EOS parameters from different approaches
In Table 2 we summarize recent constraints from the EDFs on the parameters of the nuclear EoS at
saturation density [see Eqs.(4)-(6)]. The saturation density (ρ0) and energy (e0) of the symmetric matter
EoS have been shown to be reasonably well constrained in EDFs from the fit to nuclear masses and
charge radii (see Table1). For this reason, we give in the first two rows of Table 2 the predicted ranges for
these two properties from some of the most accurate EDFs in the description of masses and charge radii
(those in Table1). In the third row of Table 2, different estimates for the nuclear matter incompressibility
(K0) are given. This quantity is also sensitive to the fitting of nuclear masses although to a less extent
than ρ0 and e0. In this case, three ranges are given for K0 that come from an EDF analysis. First, by
taking the range spanned by some of the most accurate EDFs in the description of masses and, then,
by reporting also ranges of different theoretical studies based on the excitation energy of the ISGMR as
predicted by other EDFs than those detailed in Table1. In the latter case, the study of the ISGMR in
closed shell nuclei points towards very similar values of K0 when compared to the range predicted by
the EDFs of Table1 while the study of the ISGMR in open shell nuclei points towards lower values of
K0. In the fourth range shown for K0 in Table2, we give for comparison the latest analysis performed on
the basis of the macroscopic Blaizot’s formula where the predicted range is somewhat shifted to larger
values. In the fourth and fifth rows, we give instead different estimates to the value of the symmetry
energy at saturation (J) and the corresponding slope parameter (L). We remind here that S(ρ = 0.1
fm−3) = J − L/8 +O[(ρ − ρ0)3] and, therefore, J and L parameters are actually linearly correlated if
O[(ρ − ρ)3] are negligible. Most of these estimates come from different analyses made on the basis of
EDF predictions for masses and collective excited state properties such as the IVGDR, αD, IAS, and the
AGDR. We also give constraints derived from the PDS. We complement the constraints on L with some
recent experimental results on ρn in 208Pb since the correlation ∆rnp(208Pb) and L is almost one to one
for the EDFs. We finally complement the ranges given for J and L with the results from three recent
and very exhaustive compilations [106, 107, 3]. In the last row, we complete Table2 by giving some
ranges for the Kτ parameter instead of Ksym. The relation between them is Kτ = Ksym + L
(
K′
K0
− 6
)
or as it has been customary in different analyses Kτ = Ksym − 6L, neglecting K ′. In this case, we only
provide one estimate directly related to an analysis employing EDFs (antiprotonic atoms) while the
other three are based on the Blaizot’s formula and the experimental measurement of the ISGMR. The
spread is large but different estimates seem to agree on the sign and magnitude.
For more details on analyses of the nuclear symmetry energy based on different theoretical frame-
works, we refer the reader to Refs.[103, 104, 105].
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Table 2: Summary of selected constraints on the parameters of the EoS: recent results derived from
the EDFs; recent experimental results for the ρn in 208Pb; and the results from three recent and very
exhaustive compilations [106, 107, 3]. Except for ρ0 [fm−3] all quantities are given in MeV. Note that
instead ofKsym the related parameterKτ is given. The relation between them isKτ = Ksym+L
(
K′
K0
− 6
)
or as it has been customary in different analyses Kτ = Ksym − 6L, neglecting K ′. We also remind that
around saturation S(ρ = 0.1 fm−3) = J − L/8 +O[ρ3] and, therefore, J and L parameters are actually
linearly correlated if O[ρ3] are negligible.
EoS par. Observable Range Comments
ρ0 〈r2ch〉1/2 0.154-0.159 Most accurate EDFs on M(N,Z) and
〈r2ch〉1/2 (see Sec.5)
e0 M(N,Z) −16.2 - −15.6 Most accurate EDFs on M(N,Z) and
〈r2ch〉1/2 (see Sec.5)
K0 M(N,Z) 220-245 Most accurate EDFs on M(N,Z) and
〈r2ch〉1/2 (see Sec.5)
ISGMR 220-260 From EDFs in closed shell nuclei [116]
ISGMR 250-315 Blaizot’s formula [Eq.(32] [51]
ISGMR ∼ 200 EDF describing also open shell nuclei [118]
J M(N,Z) 29-35.6 Most accurate EDFs on M(N,Z) and
〈r2ch〉1/2 (see Sec.5)
IVGDR ∼ 24.1(8) + L/8 From EDF analysis
[S(ρ = 0.1 fm−3) = 24.1(8) MeV][273]
PDS 30.2-33.8 From EDF analysis [370]
PDS 31.0-33.6 From EDF analysis [371]
αD 24.5(8) + 0.168(7)L From EDF analysis 208Pb[96]
αD 30-35 From EDF analysis [179]
IAS and ∆rnp 30.2-33.7 From EDF analysis [325]
AGDR 31.2-35.4 From EDF analysis [401]
PDS, αD, IVGQR, AGDR 32-33 From EDF analysis [508]
compilation 29.0-32.7 [106]
compilation 30.7-32.5 [107]
compilation 28.5-34.9 [3]
L M(N,Z) 27-113 Most accurate EDFs on M(N,Z)
〈r2ch〉1/2 (see Sec.5)
ρn 40-110 proton-208Pb scattering [24]
ρn 0-60 pi photoproduction (208Pb) [181]
ρn 30-80 antiprotonic at. (EDF analysis) [102, 509]
ρweak > 20 Parity violating scattering [27]
PDS 32-54 From EDF analysis [370]
PDS 49.1-80.5 From EDF analysis [371]
αD 20-66 From EDF analysis [179]
IVGQR and ISGQR 19-55 From EDF analysis [101]
IAS and ∆rnp 35-75 From EDF analysis [325]
AGDR 75.2-122.4 From EDF analysis [401]
PDS, αD, IVGQR, AGDR 45.2-54.6 From EDF analysis [508]
compilation 40.5-61.9 [106]
compilation 42.4-75.4 [107]
compilation 30.6-86.8 [3]
Kτ ρn −620 - −400 antiprotonic at. (EDF analysis) [102]
ISGMR −650 - −450 α-scattering Sn isotopes [55]
ISGMR −630 - −480 α-scattering Cd isotopes [111]
ISGMR −840 - −350 Blaizot’s formula [Eq.(32)] [51]
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